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Abstract 
 
The feasibility of knitted fabric reinforcement for highly flexible composites 
has been investigated for the thermoforming process. The composite sheets were 
made through compression molding before being shaped. We used thermoplastic 
elastomers as matrices: Thermoplastic Elastomers and Thermoplastic Olefins. The 
knit reinforcement was provided by jersey knitted fabrics of polyester fibers. We first 
introduced the fundamentals involved in the study.  
The manufacturing is presented through compression molding and 
thermoforming. The latter is a two-step process: IR heating and plug/pressure assisted 
deformations. For the IR heating phase, several material properties have been 
characterized: the emissivity of matrices, absorption, reflection and transmission of 
radiations in the composite structure have been studied. We particularly paid attention 
to the reflection on the composite surfaces. The non-reflected or useful radiations 
leading to the heating are quantified and simulated for three emitter-composite 
configurations. It has been found that the emitter temperatures and the angle of 
incidence have significant roles in the IR heating phase. Thermal properties such as 
calorific capacity and thermal conductivity of the composites were also presented. 
Thermograms were carried out with an IR camera. Equipment and Thermogram 
acquisitions were both presented. Optimization of emitters was performed for a three 
emitter system. The objective function method has been illustrated. 
Regarding mechanical purposes, the characterizations of the matrices, 
reinforcements and flexible composites have been carried out. The studied loadings 
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were uniaxial traction, pure shear and biaxial inflation. For the uniaxial extension, 
both the reinforcement and the composite were found highly anisotropic regarding the 
orientation of the loading toward the coursewise of the fabric. The resulting strains 
and stresses to rupture are also found anisotropic. However, for pure shear loading we 
observed isotropic behavior.  
Biaxial deformations have been studied; the stress-strain curves are closer to 
the ones from pure shear loading than from uniaxial traction. The stress and strains of 
the inflated disks were deduced from measurement on the deformed contours. A 
routine for contour extraction is presented. We pointed out that unreinforced matrices 
are strongly subjected to sudden polymer properties in biaxial deformation at certain 
temperatures. The stress-strain curves are affected by the resulting jumps in 
mechanical properties. On the other hand, the composites do not show those gaps in 
stress; the reinforcement rules the deformations. The thicknesses of inflated disks 
were also measured, fabric reinforcement is found to provide a better thickness 
repartition. It would be a major improvement for thermoformed good production. 
 In order to predict the forming parameters (temperature, pressure, maximum 
deformation before rupture…), we introduced several hyperelastic models. They were 
used to simulate the stress-strain curves of the reinforced and non-reinforced 
elastomers for uniaxial traction, pure shear and biaxial loadings. Some material 
constants had been expressed and used as input for finite element simulations. 
Simulations have been introduced using first a direct stiffness method for a mass-
spring assembly, then finite elements were presented and illustrated for the three 
studied deformations. Hyperelastic models were used. The fabric was simulated using 
one ANSYSTM code based on hexagonal elements. Pertinent results have been found 
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for uniaxial and pure shear deformations. Regarding flexible composites, a fast 
method has been proposed based on cloth simulation technique. 
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I Thermoforming and Fabric Reinforced Composites 
I – 1 Introduction 
 
Thermoforming is a common high volume manufacturing process for polymer 
sheet-based products. It covers a broad range of application from food packaging to 
structural panels. This process is widely used for mass production product due to the 
low cost of manufacturing and a relatively high cadence of production. From its 
debut, knowledge have been gathered and developed regarding the process. Today, 
one uses thermoformed products everyday especially for cheap and disposable goods. 
The polymers involved are usually low profile materials which prevent the process 
from being used for more complex and valuable products. Engineering such products 
requires alternative raw materials. Indeed, non-reinforced polymers do not provide the 
properties needed for more complex parts. A deeper understanding of such alternative 
material regarding the manufacturing is also required. 
 
Presently, the work focuses on fabric reinforced composite forming through 
thermoforming. Composite materials are usually made of two or more components in 
order to obtain a specific product by the combined properties of the components. Due 
to primarily weight concerns in the transportation industry (automobiles, aircrafts, 
boats and spacecrafts), composite materials have been widely investigated and most 
of cars and aircrafts today have some parts in composites materials. The flexibility of 
design leads to a large variety of products. Even if historically the first goal of 
composite manufacturers has been to produce tough lightweight materials, other 
properties are investigated such as optical, environmental, electrical… In the present 
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work, we aim at highly flexible composite manufacturing. Flexibility can be achieved 
by using fabric reinforcements embedded in a polymer matrix. We focus on knitted 
fabrics. Knitted fabric has not been seen as a viable alternative to woven fabric. 
Indeed, we embedded in a thermoset matrix; woven are widely preferred to knitted 
fabrics due to the higher stiffness performances. On the other hand, knit fabrics offer a 
great potential of flexibility and design. For applications where large deformations are 
needed such as in the thermoforming process, knitted reinforcements are favored. 
 
The main point is to provide primarily studies about the feasibility and the 
enhancement of the thermoformed products. Indeed, we will use flexible composite 
materials instead of non-reinforced thermoplastic sheets usually processed, the 
targeted products are highly flexible structures. The resulting study covers several 
domains which involve the thermoplastic matrices, the fabric reinforcements, infrared 
heating and several modes of deformations. We aim at large product manufacturing 
found in the transportation industry. For non-structural parts, metal has been used. 
Knit fabric composite polymers may be a lightweight alternative provided that the 
manufacturing is well understood. Indeed, although promising properties the knit 
fabric reinforcement still needs deeper study regarding the high cadence production 
and forming. The reliability and the quality of formed parts are major issues of mass 
production.  
 
The present work involves knowledge in physics, chemistry, material 
processing and engineering. We will therefore present the fundamentals required. We 
do not aim to focus on a particular point but rather provide some guidelines for the 
engineering and the manufacturing of an actual production. We are particularly 
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interested in mechanical deformations and manufacturing improvement. One may 
refers to literature for specific points as we presently do not intensively cover all 
subjects. Nevertheless, we intend to provide some experimental results and 
observations regarding possible issues during the thermoforming of knit fabric 
reinforced composites. 
 
I – 2 Forming Processes 
 
Two processes are used in the present work. The first and minor one is the 
compression molding. It is only useful to produce composite sheets used for the major 
process studied: thermoforming. 
I – 2.1 Compression Molding 
The compression molding enables the formation of the composite plates which 
will be used in the thermoforming process. The matrices are available in pellets 
(ThermoPlastic Elastomer) or in sheets (ThermoPlastic Olefin). The aim is to heat the 
pellets or plates of matrix in order to melt them and impregnate the reinforcement. For 
pellets, the first step is to form sheets (Fig. I –1a). The second step common to both 
TPE and TPO is to place the reinforcement between two sheets of matrix and to heat 
the system up to the melt temperature (Fig. I –1b). The applied pressure enables the 
impregnation and the penetration of the matrix within the yarn of the fabric. While 
maintaining the pressure, the composite is cooled down to ambient temperature. The 
released composite plate is then ready for deformation through the thermoforming 
process. 
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Figure I – 1 Compression Molding (a) Polymer sheet forming from pellets   
(b) Composite laminate forming from sheets. 
 
The machine used in the present work is the Tetrahedron MTP-14 compression 
molding machine. 
I – 2.2 Thermoforming 
In its simplest form, thermoforming is the stretching of a heated, rubbery, 
thermoplastic sheet into a specific shape. Usually, the deformation is due to vacuum, 
pressure, or plug assisted. The process can be in one-step, or in several-steps for 
complex shapes. Both single and multI –step processes can be divided into the 
following stages: 
 
− IR heating of the thermoplastic sheet 
 
− Forming using a male mold or vacuum  
 
− Release of the formed part 
 
8 
 
Among one-step processes, vacuum and drape forming are the most common. 
Drape forming involves a male mold on which the heated thermoplastic sheet is 
applied. Either vacuum or air pressure is used to produce the differential pressure 
needed to force the sheet against the male mold. In vacuum forming, the heated sheet 
is sealed and clamped against the rim of the female mold. Vacuum is then applied. 
Both drape (Fig. I –2a) and vacuum  
(Fig. I –2b) forming induces an inhomogeneous thickness in the shaped sheets. This 
issue will be considered in chapter III. 
 
 
Figure I – 2 Typical Thickness Issue of Thermoformed Part [Throne 1996] 
(a) Draping (b) Vacuum forming. 
 
Multi-step forming was developed initially for complex shape and deep single 
parts where costs make wall thickness uniformity a significant design parameter. In 
the 1970's, the development of plug assisted pressure forming led the way to highly 
automated multi-step forming of thin-gauge roll-fed sheet. The first step is usually the 
sheet prestretching as plug assisted (Fig. I –3a) or billowing (Fig. I –3b). The sheet is 
then pressed against the mold surface. 
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In both case, the part wall thickness is much more uniform than that obtained with 
conventional vacuum forming.  
 
 
Figure I – 3  Multi-step Forming [Throne 1996] (a) Plug-assisted pressure forming 
(b) Billow drape forming. 
 
In terms of definition, we distinguish thin-gauge and thick-gauge processes. 
Thin-gauge thermoforming is commonly used in the manufacture of disposable cups, 
containers, lids, trays, and general retail industries. In this case, the processed 
thermoplastic sheet thickness is usually less than 2 mm. Thick-gauge thermoforming 
includes parts as diverse as vehicle door and dash panels, liners, vehicle beds (Fig. I –
4). Reinforced thermoplastic composite sheet forming is considered to be a thick-
gauge forming process.  
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Figure I – 4 Examples of Thick-gauge Products in Transportation. 
 
We will first introduce the fundamentals of thermoforming: IR heating phase 
followed by the polymer properties and elasticity. In the present study, we aim to 
understand and improve the thermoforming of fabric reinforced polymer matrices. 
Therefore, some physics of polymer materials will be developed; it will be followed 
by a presentation of fabric reinforcements. 
 
I – 3 IR heating of a Surface 
 
Thermoforming process involves the heating of thermoplastic sheets. The 
heating using IR radiations is the first step to carry out in order to soften the sheet 
before deformation. In order to control the process, some radiation laws have to be 
introduced. 
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I – 3.1 IR Presentation 
In the present work, we focus on the IR radiations. The IR domain is a specific 
range of the light spectrum (Fig. I –5) and will be divided into 3 zones [I.E.C. 1997]: 
near, mid and far IR. 
 
Figure I – 5 Light Spectrum and IR Domains. 
 
IR radiations as light ones can be expressed using the following equation: 
1c
ζ
υ ξ
= =        (E.I.1) 
where ζ  is the wavelength usually in meter; c is the light speed and 
8 12.998*10 .c m s−= ; υ  is the frequency of the radiation in Hz; ξ
 
is the wavenumber 
in m-1. For practical issues, ζ  is usually expressed in µm or nm and ξ  in cm-1.  
The IR radiations are by definition polychromatic: there is not a particular 
wavelength ζ  associated to IR radiations but a range in which they are included. A 
radiation restricted to a particular wavelength ζ  is labeled monochromatic. 
The energy Eζ in Joules associated to an electromagnetic radiation of wavelength λ is: 
hcE hζ υ ζ
= =       (E.I.2) 
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where h is the Planck's constant and  
346.62606876*10h −= J.s     (E.I.3) 
I – 3.2 IR Emitters and Associated Radiations 
Manufacturers have a large choice of IR emitters [Philips lighting 1990]; the 
most representatives are the quartz tube based (Fig. I –6a), ceramic based (Fig. I –6b) 
and the tungsten wired one (Fig. I –6c). IR emitters are available in various shapes. 
Due to radiative flux homogeneity issues, we will use a circular one in chapter III.  
 The radiative heating coils for the quartz tube kind are made of silicate. The 
tubes can be empty or filled with NiCr60 alloy coils. Usually, the composition of such 
alloy is Ni 57-58%, Cr 16%, Si 1.5% and Iron [Hyndman 2001]. Although there are 
very fragile and cannot be cleaned, they are used due to the low inertia of heating 
when switched on and off. 
The ceramic based emitters have a long life cycle and are cheaper to use than the 
former ones. However, their maintenance is not easy and the temperature range for 
which they are serviceable is low. They are widely installed on thermoforming 
machines for low glassy temperature transition (Tg) polymers. 
 The cheapest kinds of emitters are the tungsten wired one. They are useful due 
to the high temperature of the wire. It is very useful for some technical or high 
temperature polymers such as PolyEther Ether Ketone (PEEK). They are mainly used 
for blow-molding of PolyEthylene Terephtalate (PET) bottles. In terms of radiation, 
the Argon gas preventing the wire to evaporate quickly and the glass outer shell have 
to be considered. A radiative study of the tungsten wired IR emitters can be found in 
Monteix [2001] and references therein. Specific radiative studies can be found in 
[Desvignes 1997] and [Siegel 1992] on the tungsten wire, in [Touloukian 1972] and 
[Holland 1980] for the glass outer shell and in [Ency-Gas 1976] for the Argon gas. 
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Figure I – 6 Typical IR Emitters 
 (a) Quartz tube emitter: TQS FS (600W-230V) H2; drawing [Illig 1999] 
 (b) Ceramic emitter: Elstein HTS/1 (600W-230V); drawing [Illig 1999] 
(c) Tungsten wired emitter (1000W-230V): Strait mid-short and circular short IR.  
 
The monochromatic radiance Lζ  in W.m
-2
.sr-1 of an emitter is defined for a 
given wavelength ζ as the radiative flux 2d ζφ  per unit of solid angle dΩ
 
and per unit 
of exposed area *cos( )dA θ  considering the θ angle toward the normal direction (Fig. 
I – 7a): 
2
cos( )
d
L
d dA
ζ
ζ
φ
θ
=
Ω
     (E.I.4)  
14 
 
In the case of the radiance is independent of the direction of radiation, the emitter is 
then labeled Lambertian and the radiation isotropic (Fig. I –7b). 
 
 
Figure I- 7 Radiation Concepts [Andrieu 2005] 
(a) Monochromatic radiance (b) Lambertian emitter.  
 
The monochromatic exitance M ζ in W.m
-2 is defined as the energy flux 
density d ζφ emitted in all directions from an area dA : 
d
M
dA
ζ
ζ
φ
=        (E.I.5) 
In the case of isotropic radiations, we integer the radiative flux (E.I.2) on the half 
hemisphere associated to the area, the global radiative flux is then: 
2
1 1 1
. . .
2 2 2
cos( ) cos( )
hem hem hem
d d L d dA L dA dζ ζ ζ ζφ φ θ θ= = Ω = Ω∫ ∫ ∫  (E.I.6) 
Therefore, considering a Lambertian emitter, we can write: 
1
.
2
cos( )
hem
d
M L d L
dA
ζ
ζ ζ ζ
φ
θ π= = Ω =∫     (E.I.7) 
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In order to describe IR radiations, we have to introduce the definition of a 
black body. A black body is an ideal system which absorbs all the radiative energy for 
a given temperature whatever the incidence angle and wavelength considered. 
Practically, it is impossible to manufacture a black body, but close approximations 
can be carried out using a container with a tiny aperture and poorly reflective inner 
walls. The aperture size must be negligible compared to the container dimensions. 
Such systems are used as references to describe the other radiative systems.  
The Planck's law gives the monochromatic radiance of the black body Lζ
°
 in  
W.m-2.sr-1 for a given wavelength ζ and temperature T. 
2
5
1
e 1
C
T
CLζ
ζ
ζ −° =
−
       
(E.I.8) 
The constants of (E.I.8) are: 
8 4 2
1 0.59544*10 . .C W µm m
−=   
 (E.I.9) 
4 4
2 1.4388*10 .C µm K=     (E.I.10) 
The integration of (E.I.6) gives the Stefan-Boltzman law which is the global exitance 
of a black body for a given temperature T: 
4
0
( ) cos( ) SBM T L d d Tζ θ ζ σ
∞
° °
Ω
= Ω =∫ ∫    (E.I.11) 
where SBσ is the Stefan-Boltzman constant: 
8 2 45.67 *10 . .SB W m Kσ
− − −=      (E.I.12) 
The directional monochromatic emissivity from a particular point is defined 
using the spherical coordinates: 
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( , )( , , ) ( )
L
T
L T
ζ
ζ
ζ
θ ϕ
ε θ ϕ
°
=      (E.I.13) 
The emissivity is used to measure the capacity of radiation of a particular 
surface considering the black body radiation. By definition, the emissivity of a black 
body is one. The hemispheric monochromatic emissivity can be also defined as: 
( ) ( )
M
T
M T
ζ
ζ
ζ
ε
°
=       (E.I.14) 
Global emissivities are calculated by integrating (E.I.11) and (E.I.12) on the 
wavelength ζ  space: 
0
0
0
( , )*
( , , )
( )*
L d
T
L T d
ζ
ζ
θ φ ζ
ε θ φ
ζ
∞
∞=
∫
∫
     (E.I.15)  
and 
0
0
0
*
( )
( )*
M d
T
M T d
ζ
ζ
ζ
ε
ζ
∞
∞=
∫
∫
      (E.I.16) 
 An IR emitter heats through a large range of wavelength. The temperature of 
the emitting component directly determines the maximum of emission through the 
Wien's law:  
max
2897.8( ) ( )m T Kλ µ =      (E.I.17) 
This equation is obtained by resolving the extremum of the Planck's law (E.I.8) for 
maxζ ζ= : 
0 ( )( ) 0T
L Tζ
ζ
∂
=
∂
      (E.I.18) 
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At the considered emitter temperature T, the associated range of radiation is included 
within [0.5 maxζ ; 5 maxζ ]. In this range, 95.6% of the radiative energy for a given 
emitter temperature is covered. 
I – 3.3 Intrinsic Radiative Properties of a Medium  
 An incident radiation ς  on a plate will be reflected, absorbed and transmitted  
(Fig. I –8). The coefficients α, ρ and τ are respectively the absorptivity, reflectivity 
and the transmitivity. 
 
 
Figure I – 8 Reflection, Transmission and Absorption of a Plate. 
 
The Kirchoff's law of a medium at the radiative equilibrium implies that the radiative 
flux is conserved, therefore we can write: 
1α τ ρ+ + =       (E.I.19) 
However, (E.I.19) is specific and implies a diffuse reflection of a grey body. The 
reflection considerations will be treated separately in the next part I – 3.5. As the 
black body, a grey body radiative behavior is independent of the wavelength 
considered. A grey body only emits a fraction of the radiation of a black body. In this 
case, the global emissivity equals the global absorptivity: 
( ) ( )T Tα ε=       (E.I.20) 
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Chemically based absorption phenomena are beyond the scope of the present work 
and are described in Appendix A. In case of the reflectivity is nought, the absorption 
phenomena through a material thickness x can be quantified using the monochromatic 
coefficient of absorption Kζ , the incident radiation intensity I0 and the transmitted 
intensity It at the considered wavelength ζ : 
0
( )
exp( * )( )
tI K x
I ζ
ζ
ζ
= −
     (E.I.21) 
I – 3.4 Extrinsic Radiative Properties of a Medium  
 The reflection can be specular, diffuse or any of them (Fig. I –9). In the case of 
a specular surface, the reflection follows the Snell-Descartes law which leads that the 
incidence and the reflection angles are the same considering the normal of the surface. 
 
 
Figure I – 9 Different Kind of Reflections 
(a) Diffuse reflection (b) Specular reflection (c) Any of them. 
 
The reflectivity, absorptivity and transmitivity coefficients can be monochromatic and 
direction dependent or in the case of a solid with isotropic radiative properties labeled 
as hemispheric. In the latter case, they only depend on the wavelength of emission. 
The monochromatic reflectivity can be defined using the monochromatic refraction 
index nζ  of the considered material through the Fresnel's law: 
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2
1
1
n
n
ζ
ζ
ζ
ρ
−
=
+
      (E.I.22) 
The notion of the shape factor must be introduced. Considering a totally opaque 
medium between two surfaces, the radiative exchange between them is only linked to 
the optical and the surface properties. The quantity of radiative exchanged energy 
depends on the surface areas, the distance between them and their orientations (Fig. I 
–10). The diffuse shape factor 
i jdA dA
dF − between the considered two surfaces is the 
ratio of the diffuse energy received by the surface Aj from the surface Ai over the 
global energy emitted energy from the surface Ai: 
2
cos( )*cos( )
*i j
i j
dA dA jdF dAD
θ θ
π−
=     (E.I.23) 
The reciprocity considering two finite surfaces Ai and Aj can be expressed: 
* *
i ji dA dA j dAj dAiA F A dF− −=      (E.I.24) 
 
Figure I – 10 Shape Factor Schematic. 
 
I – 3.5 Thermal Study Applied to Thermoforming  
 When IR heated, a thermoplastic plate follows the heat conservation law: 
* * ( )
m m c r
T
c p q q
t
ρ
∂
= − ∇ +
∂
ur uur uur
   (E.I.25) 
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where 
mρ is the material specific mass in kg.m
-3
, 
m
c p is the isobar calorific capacity 
of the material in J.kg-1.K-1. 
cq
uur
 is the density vector of the conductive flux and 
rq
uur
is the density vector of the 
radiative flux.  
cq
uur
 
follows the Fourier's law using the thermal conductivity k in W.m-1.K-1: 
*
c
q k T= − ∇
uur uuur
      (E.I.26) 
The thermal conductivity k is the intensive property of a material that indicates its 
ability to conduct heat. In the present study, we are in the case of a cold non scattering 
medium. The complete Radiative Transfer Equation can be found in Appendix B. 
The radiative laws have been presented; we can introduce the methodology applied to 
the IR heating step of thermoforming (Fig. I –11). The first thing to consider is the IR 
generation. The radiation is function of the IR emitter temperature and is 
characterized through the Planck's law (E.1.8) and the Wien's law (E.1.17). We note 
that the geometry of the emitter also modifies the radiation. The link between the IR 
generation and the material radiative properties is the shape factor (E.1.24) for diffuse 
reflection. The material properties are defined using the Kirchoff's law (E.1.19) and 
the Fresnel's law (E.1.22). The properties are practically defined using an IR 
spectrometer which is in most cases based on (E.I.20, E.I.21, E.I.22). The final part is 
to solve the heat conservation equation (E.I.25). 
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Figure I- 11 IR Heating Methodology. 
I – 4 Polymers Properties Applied to Thermoforming 
 
In the present work, thermoplastic composite sheets are deformed. A general 
presentation of thermoplastic, and particularly thermoplastic matrix useful properties 
regarding the used processes have to be introduced. Indeed even if the deformation 
step is primarily ruled by the reinforcement, the forming temperature is only 
dependent on the matrix.  
I – 4.1 Polymer Chains, Tacticity and Crystallinity  
The behavior of polymers represents a continuation of the behavior of smaller 
molecules at the limit of very high molecular weight. As a simple example, consider 
the normal alkane hydrocarbon series. These compounds have the general structure: 
2( )nH CH H− −        (E.I.27) 
22 
 
where n is allowed to increase up to several thousands. The progression of their state 
and properties is shown in Table I –1. 
 
Number of 
carbon in 
chains n 
State of material Applications 
1-4 Simple gas 
Bottle gas for 
cooking 
5-11 Simple liquid Gasoline 
9-16 
Medium viscosity 
liquid 
Kerosene 
16-25 
High viscosity 
liquid 
Oil and 
grease 
25-50 Crystalline solid 
Paraffin wax 
candles 
50-1000 
Semicrystalline 
solid 
Milk carton 
adhesives 
and coating 
1000-5000 
Tough plastic 
solid 
Polyethylene 
bottles 
3-6*105 Fibers 
Bullet proof 
vests 
Table I – 1  Alkane evolution with increasing carbon number in chains [Sperling 2006]. 
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All polymer chains are not identical; we rather have a distribution of the number of 
carbon n among chains. An important notion is the chain entanglements (Fig. I –12). 
Indeed, 90% of the tensile strength and others mechanical properties are reached 
when the chain reaches 8 entanglements in length [Wool 1995]. From there, 
increasing the chain length does not improve mechanical performances. 
 
Figure I – 12 Random Coil Configuration.  
(a) For a low molecular weight, no entanglement (b) Large molecular weight, chains are 
entangled 
 
Various batches of chemically identical chains can yield very different mechanical 
properties for the same chain length distribution. The notions of tacticity and 
crystallinity have to be presented. The chain tacticity is related to the side groups 
arrangement along the backbone carbon atom chains. Globally, three arrangements 
are distinguished (Fig. I –13): isotactic, syndiotactic and atactic.  
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Figure I – 13  Three Different Arrangements of R-monosubstitued Polyethylene,  
(a) Isotactic, R groups are located on the same side of the carbon chain 
(b) Syndiotactic, R groups are alternated along the carbon chain 
(c) Atactic, R groups have random positions along the carbon chain. 
 
The tacticity notion is important in order to introduce the crystallinity of 
polymers. The structures shown in Fig. I –13 result in profoundly different physical 
and mechanical behaviors such as strength, stiffness, toughness, thermal properties, 
solubility etc... The isotactic and syndiotactic structures are both crystallizable 
because of their regularity along the chain although their melting temperatures are not 
the same. Atactic polymers, on the other hand, are usually amorphous. Polymers are 
never totally crystalline; they are labeled semicrystalline as they contain both 
organized crystalline (crystallites) and amorphous regions (Fig. I –14).   
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Figure I – 14 Typical Polymer Chain Configurations adapted from [Flory 1953] 
(a) Semicrystalline (b) Amorphous. 
 
I – 4.2 Glass-rubber Transition and Melt Temperature 
 The glass-rubber or glassy transition temperature (Tg) is the most important 
parameter for polymer manufacturing as polymer properties are severely affected by 
the transition. It is a second order transition. Some common polymer Tgs are found in 
Table I –2. 
 
Polymer Tg (°C) Tg (°F) 
Polystyrene 95 203 
Polypropylene -20 (atactic) -4 
Polypropylene 0 (semicrystalline) 32 
Polycarbonate 145 293 
PMMA 105 (atactic) 221 
PVC 80 176 
Table I – 2 Tg for some polymers [Wilkes 2005] 
The Temperatures can vary upon the Grade of Polymers.  
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Let us consider first the IR heating phase in thermoforming. The Tg is then important 
as the calorific capacity of polymers involved in the IR heating governing equation 
(E.1.44) is quite different before and after the transition (Fig. I –15). Therefore, we 
note that heating a polymer in the glassy state and in the rubber state does not require 
the same radiative energy. 
 
 
Figure I – 15  Typical Calorific Capacity Evolution Vs. Temperature Range close to the Tg for 
Polymers. 
 
In the present work we use elastomeric matrices which have usually low Tgs [Caprio 
2003]. However, thermoplastic elastomers are complex polymers and are made of 
various units (graft and block co-polymers) which each of them have their own 
distinctive Tg and melting temperature (Tm). We expect several Tgs and Tms, some 
at temperatures far above the ones encountered with classical elastomers. The 
polymer engineering behind those products is beyond the scope of the present work, 
however additional data will be provided in III–2.1. In terms of the mechanical 
deformations, the Tg is also essential. We have to introduce the notion of elasticity. 
Hook's law assumes perfect elasticity in isotropic materials, the Young modulus E in 
Pa may be written: 
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E σ
χ
=       (E.I.28) 
where σ and χ  are respectively the tensile normal stress in Pa and strain.  
 
The Hencky strain is defined as 
0t
dtχ χ
=
= ∫ &       (E.I.29) 
with the strain rate tensor χ& , we have: 
2
:
3
χ χ χ=& & &
      (E.I.30) 
The tensile strain χ  is defined as the ratio of the difference in length before and after 
(L) the application of the stress over the initial length (L0): 
0
0
L L
L
χ
−
=
     (E.I.31) 
We note that for small deformations, the equivalent deformation uniaxialχ is written: 
0
ln( ) ln(1 )uniaxial
l
l
χ χ χ= = + ≈
   (E.I.32) 
 
The Young's modulus of polymers is strongly affected by both the Tg and the Tm  
(Fig. I –16). 
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Figure I – 16 Typical Young's Modulus versus Temperature for Polymers. 
 
The Young's modulus is almost constant when the temperature is below the 
Tg. The polymer is glassy and usually brittle as molecular motions are largely 
restricted to vibrations and short-range rotational motions along the carbon backbone. 
The interesting domain for thermoforming starts from the Tg region. Typically for 
amorphous polymers such as TPE the modulus drops a factor of about 1000 in a 20 to 
30°C range. The behavior of polymers in this region is described as leathery, although 
a few degrees of temperature change will affect the stiffness. Therefore, a special 
attention has to be paid on the forming temperature during manufacturing, only a 
small range of temperature is useful (Table 1-3). 
 
Polymer Temp. range (°C) Temp. range (°F) 
Polystyrene 127-182 260-360 
ABS 127-182 260-360 
Rigid PVC 104-154 220-310 
Polycarbonate 168-204 335-400 
HDPE 127-182 260-360 
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Polypropylene 132-166 270-330 
Table I – 3 Temperature range for thermoforming [Throne 2008] 
The ranges can vary upon the grade of polymers.  
 
Beyond the Tg, the modulus is relatively constant: it is the rubbery plateau. 
Polymers then exhibit long-range rubber elasticity which will be described in I – 4.3. 
It means that the elastomer can be stretched, several hundred percent, and snap back 
to almost its original length. Beyond the rubbery plateau, the polymer elasticity 
decreases and then is not suitable for thermoforming. Eventually, the modulus starts 
to fall. In this region polymers are marked by both rubber elasticity and flow 
properties. In later stages, the thermal energy given to the chains is enough to allow 
them to reptate out through entanglements and flow as individual molecules. 
Considering semi crystalline polymers, the amorphous portions go through the glass 
transition, but the crystalline portion remains hard; a composite modulus is found. The 
melting temperature is the fusion temperature of the crystallites and Tm is always 
above the glass transition temperature [Sperling 2006]: 
0.6 0.8g
m
T
T
≤ ≤      (E.I.33) 
At the melting temperature, the modulus drops rapidly to that of the 
corresponding amorphous material, now in the liquid flow region. It is the region 
useful for the compression molding process as the polymer matrix has to flow to 
impregnate the reinforcement in order to produce a good interlaminar cohesion of 
composite plates. Rheological laws governing the melt viscosity and experimental 
results on the TPO and TPE are presented in Appendix C. 
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I – 4.4 Elastomeric Incompressibility  
When a material is deformed, its volume changes, usually increases as the 
elongational strain xχ  in the x direction is applied. The Poisson's ratio υ  is written as: 
/ /y x z xυ χ χ χ χ= − = −      (E.I.34) 
where yχ  and zχ  are respectively the response strains in the y and z directions.  
The Poisson's ratio macroscopic interpretations are presented in Table 1-4 
 
Value Interpretation 
0.5 
No volume 
changes 
0 
No lateral 
contraction 
0.49-0.499 
Typical values for 
elastomers 
0.20-0.40 
Typical values for 
plastics 
Table I – 4 Poisson's Ratio Value. 
 
The volume during the deformation of elastomers is usually supposed constant: 
0.5υ =
      (E.I.35) 
(E.I.35) induces the notion of volume conservation (Fig. I –17) in the case of a normal 
stress in the x direction: 
1 1
x
y z
λ λ
λ λ
= = =
    (E.I.36) 
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where λx, λy and λz are respectively the principle stretches in the x,y and z directions. 
The principle stretch λi in the direction i can be written: 
1i iλ χ= +       (E.I.37) 
 
 
Figure I – 17 Notion of Volume Conservation, Uniaxial Traction   (a) Undeformed (b) Deformed. 
It has to be noted that if the volume conservation is straightforward, the 
incompressibility of reinforced composites is not; modeling may consider the 
composite as non-incompressible as the local specific mass may change [Boisse 
2010].   
I – 4.3 Ideal Rubber Elasticity 
 Thermoformable composites involve the use of highly deformable elastomer 
matrices. Let us now consider an ideal elastomer chain in a random coil configuration 
(Fig. I –18). 
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Figure I – 18  Random Chain Coil Configuration. 
When unstretched, the ideal chain is in a random coil configuration [Treolar 1975], 
we can write: 
0 0 0x y z= =      (E.I.38)  
and 
2 2 2 2 2 2
0 0 0 0 0 03 *r r x y z x= = + + =
uur
   (E.I.39) 
When deformed, the chain adopts a certain configuration: 
2 2 2 2 2r r x y z= = + +r     (E.I.40) 
The probability Ωr of finding the chain in an element of volume dzdydx ××  at the 
point defined by the vector  ( ; ; )r x y zr  follows a Gaussian distribution [Case 1960]: 
2 2 2 2
0 02 2
0 0
3 * ( ) 3
* exp( ) * exp( )
2 * 2 *r
x y z r
r r
+ +
Ω = Ω − = Ω −  (E.I.41) 
The entropy of a system S(r) in J through the Boltzmann's law for a considered 
configuration ( ; ; )r x y zr  is: 
( ) * ln( )rBS r k= Ω      (E.I.42) 
where Bk  is the Boltzmann constant and: 
23 -11.3806503*10  J.KBk −=     (E.I.43) 
(E.I.41) and (E.I.42) yield: 
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2
2
0
3( ) (0) *2
Bk rS r S
r
= −     (E.I.44) 
The Helmholtz energy or free energy F(r) in J can be written: 
( ) ( ) * ( )F r U r T S r= −
     (E.I.45) 
We suppose that the internal energy ( )U r  in J is little dependent on r for small 
variation of r and as the volume is supposed constant for elastomeric deformation, the 
free energy can be written: 
2
2
0
3( ) (0) 2
Bk T rF r F
r
= +     (E.I.46) 
we remark that r can be formulated using (E.I.37): 
2 2 2 2 2 2 2
0 0 0x y zr x y zλ λ λ= + +     (E.I.47) 
The variation of free energy ∆F during the deformation is: 
2 2 2 2 2 2
0 0 0 0
3( ) ( ) ( 1) ( 1) ( 1)
2 x y z
kTF F r F r x y zλ λ λ  ∆ = − = − + − + −  
 (E.I.48) 
We inject (E.I.39) in (E.I.52): 
2
02 2 2 2
0
2
0
( )3 3
2
B
x y z
r
rk TF
r
λ λ λ
 
 
 
 
 
  
+ + −
∆ =    (E.I.49) 
Therefore 
( )2 2 2 32
B
x y z
k TF λ λ λ∆ = + + −     (E.I.50) 
(E.I.50) can be applied to the n chains building a sample under a constant volume 
deformation: 
( )2 2 2 32
B
x y z
nk TF λ λ λ∆ = + + −    (E.I.51) 
Let us consider a uniaxial traction toward the x direction: 
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xλ λ=       (E.I.52) 
(E.I.37) and  (E.I.51) therefore yield: 
2 12 32
Bnk TF λ λ −  ∆ = + −     (E.I.53) 
∆F represents the work produced by the force f, by definition we can write: 
2
0 0
1 ( )Bn k Td F d Ff d l l d l λ λλ
−= = ≈ −    (E.I.54) 
The volume V is: 
0 0V l S=       (E.I.55) 
The stress σ is then: 
2
0
( )Bf n k TS Vσ λ λ
−= = −     (E.I.56) 
If we set : 
1 2
Bnk TC V=
      (E.I.57) 
The stress σ becomes: 
2
12 ( )Cσ λ λ −= −     (E.I.58) 
 
 This model is so-called the neo-Hookean model and is only valid for small 
deformations or for deformations ruled by the Gaussian regime. Usually, elastomers 
are 3D networks and do not follow (E.I.58) as the links between the chains impact the 
tensile behavior. At larger deformations, the chain junction points are constrained 
from a phantom characteristic via chain interactions [Flory 1982]. In the chapter V, 
we will use hyperelastic models derived from (E.I.58) which provide a more realistic 
approach in order to model the deformation of TPO and TPE as large deformations 
are ruled by the non-Gaussian regime. 
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It is important to note that instead using the nominal stress σ, the true stress σT 
considering the true section during the deformation 0
S
λ
 is also useful: 
2 1
12 ( )T Cσ λ λ −= −      (E.I.59) 
Another way to generalize (E.I.58) through mechanics is to use the Clausius-Duhem 
inequality (Appendix D) for a reversible transformation including the heat equation 
[Schmidt 1992]. 
 
I – 5 Knitted Fabrics 
 
 In the thermoforming process, the forming temperature is only dependent on 
the matrix but the deformation is primarily ruled through the mechanical properties of 
the reinforcement. Suitable reinforcements such as fabrics have to be highly 
deformable regarding the deformation step in the thermoforming process.  
I – 5.1 Reinforcement Presentation 
 Reinforcements can be found under several forms (Fig. I –19). Each of them 
induces particular properties to the final composite. Moreover, the cost involved vs. 
the mechanical improvements of final parts has to be considered as the production 
cost of the reinforcement greatly varies from one kind to another. 
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Figure I – 19 - Most Common Reinforcements used in Composite Materials [Balea 2011]. 
 
 Randomly packed short or long fibers do not bring long range stiffness but due 
to the random orientation of the fibers meanwhile the reinforcement is isotropic and 
cheap to produce. On the contrary, long fiber uniaxial layers exhibit a long range 
behavior but are strongly oriented. If both high stiffness and isotropic mechanical 
properties are required, multiaxial reinforcements offer a good choice. Braided 
reinforcements are at least made of two yarns; the main advantage of braided 
reinforcement is the large flexibility of design. They are mainly used as reinforcement 
in circular geometry such as pipes. 
However, all these structures do not provide suitable reinforcements for the present 
study. Indeed, we are interested in highly deformable composites. The stretchability is 
preferred to the stiffness. We will therefore focus on fabrics only. Fabrics can be 
divided into two major classes: woven and knitted. In the present work, we will only 
use knitted fabrics. Indeed, the potential of knitted fabrics as reinforcement for 
flexible composite processed by thermoforming and stamping has been shown 
[Rozant 2001a, Rozant 2001b], whereas some wrinkles are expected during the 
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process of deformation when using woven fabric as reinforcement (Fig. I –20). The 
constraint imposed on the forming is that the fiber is not able to neither lengthen nor 
shorten [Niederhausen 1998]. As a result, wrinkles occurred in the middle of the 
woven piece. Since the fibers cannot be stretched, the 3-D forming operation leads to 
a decrease in laminate surface area, and in the middle of the piece where the edges are 
pulled inwards, the main deformation mode is compression [Rozant 2001b]. During 
deformation, interply and intraply are the only possible mechanisms to accommodate 
deformation [Guinness 1995].  
 
Figure I – 20 Processed Parts [Rozand 2001b] (a) Woven reinforced (b) Knitted reinforced.  
 
The final shape of the woven laminates is mainly caused by the trellis shear effect: in 
the fiber directions, the preform edges are pulled inwards while in the bias direction 
the preform tends to extend. Knitted fabrics may be suitable for thermoforming 
purposes. 
 
I – 5.2 Fibers and Yarns 
 Industrially, the aim of the deformation through the thermoforming process is 
to obtain large deformations resulting from low pressures. Therefore, suitable 
reinforcements should allow large deformations for low stresses. Presently, we use 
knitted fabrics as reinforcements. Knitted fabrics are two-level structures. At the 
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primarily level, continuous fibers are organized in yarns. The number of fibers 
structuring a yarn Nf can vary from few hundred to several thousands. The nature, the 
diameter of the fiber df and Nf have a strong impact on mechanical properties of the 
yarn [Freeston 1975, Dhingha 1976, Oh 1993] and on the knitted fabric ones [Park 
1982, Park 1995]. Indeed, the deformation of fabrics involved various modes of yarn 
solicitations (Fig. I –21).  
 
 
Figure I – 21 Micro-level Fabric Deformations [Duhovic 2006]  
(a) Inter-yarn slip (b) Inter-yarn shear (c) Yarn bending (d) Yarn bucking  
(e) Intra-yarn slip (inter-fiber friction) (f) Yarn stretching (g) Yarn compression (h) Yarn twist. 
 
The yarn is usually considered as circular [Ruan 1996, Ramak 1997] but hexagonal 
structure has been also proposed [Hearle 1969]. The estimation of the yarn diameter 
yd  can be calculated considering the yarn's fiber volume fraction coefficient Vfy: 
f
fy
y
A
V
A
=      (E.I.60) 
where Af is the fiber cross-sectional area occupied by the fibers within the yarn and 
Ay is the sectional area of the yarn. 
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Af is deduced from yarn linear density Wy and the volumic density of the fiber ρf in 
g.cm-3: 
y
f
f
W
A
ρ
=      (E.I.61) 
The linear density Wy is commonly expressed in Denier (mass in g per 9 km long 
fiber) in the USA and the UK, Continental Europe prefers the Tex (mass in g per 1 km 
long fiber). 
The resulting yarn diameter yd  is expressed as: 
 
34 *10
* *
y
y
fy f
W
d
V π ρ
−
=     (E.I.62) 
 
In the literature, the value of Vfy is not clearly established. 
The value of 0.75 has been proposed for a circular arrangement and the value of 0.91 
for a hexagonal arrangement in [Hearle 1969]. The latter value was used in [Ruan 
1996]. 
Regarding the circular arrangement, the value of 0.45 was also proposed in [Ramak 
1995]. The value of Vfy can be experimentally determined considering the 
permeability of the yarn as presented in [Arbter 2011] even if the results can be 
scattered. The main yarn mechanical properties are the flexural and traction modulii. 
The yarn flexural modulus is complex and can be expressed as the product of 
f GZE I where fE
 
is the Young modulus of the fibers and GZI the yarn quadratic 
moment. The latter depends on Vfy, Af and Wy. In case of an ideal repartition or all 
parallel fibers, the yarn traction stiffness f fE A  is given as follow: 
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2
*
* *
4
f
f f f f
d
E A E N
π
=     (E.I.63) 
I – 5.3 Fabric Manufacturing  
 Yarns are organized in a repetitive pattern to build the fabrics. The knitting 
process is usually machine-assisted: circular (Fig. I –22a) or linear (Fig. I –22b) 
designs. Although circular designs enable the production of seamless circular knits, both 
kinds of machines follow the same procedure. The difference of machine design is due 
to the distribution of needles.  
 
 
Figure I – 22 Automated Knitting Machines [Balea 2011] (a) Circular design (b) Linear design. 
 
 The knitting procedure is carried out by making a loop around the needles and 
then the latch mechanism of the needles (Fig. I –23a) attaches a new row to the 
previously formed one by an alternating up and down motion. During the motion, the 
latch needle is placed inside a formed loop and moved upwards first. The hook at the 
top of the latch needle then catches the new yarn feed and a new loop is formed when 
this yarn is carried through the hole with a downwards motion of the needle. The 
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process repeats until a certain number of loops are formed along the desired length of 
the fabric [Bekisli 2010]. 
 
 
Figure I – 23  (a) Mechanism of Latch Needle [Horrocks 2000]  
(b) Plain weft knit (Left) and a Warp-knit (Right) fabrics [Ramark 1997] 
(c) SK -840 knitting machine [Wang 2011]. 
 
 It is important to note that there are two major textile forming techniques. 
Weft knitting is simply formed by a single yarn looping around itself and knitting 
process proceeds in the weft direction, or along-the-width of the fabric. On the other 
hand, warp knitting employs multiple yarns to form an interlocking chain-like 
structure and the formation of the fabric is along the warp direction (Fig. I –23b) 
compares these two knitted fabrics with a solid black line showing the loops formed 
by a yarn during a single knitting cycle. Also depicted in the  
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Fig. I –23 is the special terminology for the knitted fabric directions; warp and weft 
directions are called wale and course directions. We use a manual knitting machine 
(Fig. I –23c) to produce E glass fabric. The other fabric we use is made of polyester 
fiber and is machine-assisted produced at PennState University.  
I – 5.4 Mechanical Properties of Fabrics 
The general behavior in traction of a knitted fabric can be divided into two 
majors steps (Fig. I –24a). Firstly, a structural deformation is produced through a yarn 
extension. The loops are stretched toward the loading direction resulting into a large 
deformation under low applied load up to a critical stretch. From this point, the 
deformation behavior changes. 
Secondly, the stress is transferred to the yarns. The deformation capacity is 
then  
refrained and the needed load to deform the fabric increases sharply. 
 
 
Figure I – 24 Typical Fabric Force-Displacement Curves (a) Behavior in traction adapted from 
[Araujo 2003b] (b) Sub-steps and comparison of woven and knitted fabrics during traction 
[Duhovic 2006]. 
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The deformation can also be divided into several sub-steps (Fig. I –24b): 
(a) The increase of load at the beginning of the deformation can be attributed 
to the friction among fibers both intra and inter yarns. 
From (b) to (c) the deformation is then ruled by the flexion of the yarns.  
(d) The adjacent loops are then sliding along each other. 
(e) The yarns are compressed. 
(f) The yarns are stretched. 
 
We note that the woven and knitted fabrics have the same deformation 
behavior despite the lower loads needed and the greater deformations obtained for the 
knitted fabrics. However, woven are usually not suitable for thermoforming purpose. 
Indeed, woven fabrics require up to 25 times more strain energy for a maximum 
deformation only a third of what found for knitted fabrics [Rozant 2000]. Considering 
the knitted fabrics through the thermoforming process, the large deformation at low 
load is interesting. Indeed, the pressure applied to shape a fabric reinforced flexible 
composites is consistent with an industrial process as the cost of the vacuum 
equipment and operations are lowered. The critical stretch may also be an interesting 
feature to investigate. In actual manufacturing, the forming pressure and temperature 
must be carefully controlled in order to produce reliable and regular products. The 
critical stretch would improve the regularity of the shaped item as the critical stretch 
can rule and block further deformation. In other terms, variations on the forming 
pressure and temperature would not impact as much as on non-reinforced 
thermoplastic sheets. This point will be treated in chap III.  
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Another point to note about knitted fabric reinforcement is that beyond the 
nature of the fibers the mechanic properties depend strongly on the solicitation 
orientation due to the anisotropic structure of knitting patterns as presented in [Anwar 
1997, Leon 2000, Lim 2001, Balea 2011]. This point will be developed using both 
through uniaxial traction and pure shear tests in the Chapter II.  
 
I – 6 Organization of the Dissertation 
 
After the present introductory chapter, we will present a deformation study 
through uniaxial traction, and pure shear. The fabric, the matrix and the flexible 
composite will be studied separately. The cohesion between the matrix and the 
reinforcement will be enlightened as the deformation of the reinforced composite is 
highly dependent on the cohesion process. The association between the matrix and the 
fabric is not always as performing as it should be in terms of stretchability and of 
force to rupture. The tensile tests of various associations will be presented and some 
conclusions proposed. In the third chapter, we will focus on biaxial deformation using 
circular inflation to evaluate out-of-plan deformations. The experimental facility will 
be introduced and some results regarding the thickness of processed part will be 
discussed. A special point will be made on the thickness distribution of samples. The 
biaxial deformability of flexible composites is also treated and measured. An 
introduction to mass-spring simulations using hyperelastic models will be provided. 
The results measured on the circular inflation device will be compared with the 
simulation results.  
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In the fourth chapter, the thermoforming will be the main focus. Firstly, the IR 
heating step will be described through the radiative property measurements of the 
composite. Finite difference simulation will be presented and carried out on radiative 
heating of a composite sheet. Lastly, the deformation step will be treated in the fifth 
chapter. Simulation using finite elements is introduced. We will develop a low 
computation cost alternative method which might be more suitable for large product 
deformations. We will focus on the Poisson’s ratio or deformation ratios.  
 
 
II Uniaxial Study, Interfaces and Matrices 
II – 1 Uniaxial Traction 
 
Uniaxial traction is the simplest loading tests usually carried out. Even if it 
does not accurately represent service loading it enables useful observations. The aim 
of uniaxial study is to compare and deduce phenomena regarding the behaviors of the 
matrices and the fabric reinforcements themselves to the combined composites. All 
samples are 20 mm wide and 100 mm long. All experimental work shown is an 
average of 20 samples when not explicitly specified. Error bars on figures represent 
the standard deviations. 
II – 1.1 Uniaxial Deformation and Rupture of Thermoplastic 
The behavior of linear polymers strongly depends on both the temperature 
(Fig. II –1a) and on the strain rate. At temperature far below the Tg, the polymers 
respond in an Hookean manner and eventually fail by brittle fracture. The elongation 
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to rupture is only a few percent and the failure happens suddenly. It is promoted by 
localized shear band yielding or crazing. Both notions will be treated in II – 3.  
 
 
Figure II – 1 Typical Linear Polymer Behavior in Uniaxial Traction [Ahmad 1988] (a) Schematic 
load-extension at different temperatures (in K) (b) Schematic diagram illustrating yield followed 
by cold-drawing. 
 
By increasing temperature, the failure mode is changed from brittle fracture to 
ductile fracture; it can be pointed out through the existence of a yield point prior 
fracture and sometimes by necking of the sample. As the temperature is raising the 
cold drawing phenomenon occurs (Fig. II –1b). It dependent on the stability of the 
neck and is governed by the level of strain hardening. In this case, the deformations 
are very large up to several times the initial length. Finally, at still higher temperature, 
the polymers commence to deform homogeneously by viscous flow. Each mechanism 
has a characteristic temperature and strain rate ranges in which they are dominant. We 
note that only the quasi –viscous flow and the extensive cold-drawing modes provide 
a large strain to rupture and therefore are suitable for highly flexible composite. Co-
polymers may have one or several glassy and melting transitions. TPE and TPO are 
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co-polymers and the subject will be addressed in III–2.1. For now, only specific 
transitions are considered.  
 
II – 1.2 Matrix Deformation 
Usually we expect elastomer to have a Tg is roughly - 50 °C (-58°F). Therefore at 
ambient temperature, we are far above the Tg (in K): 
1.3ambient
g
T
T
≈       (E.II.1) 
From Fig. II –1, we expect experimentally to have a stress-strain behavior of TPE 
characterized by a uniformed quasi-viscous flow which actually the case as seen on 
Fig. II –2. 
 
Figure II – 2 Stress-stretch Curves of TPE; Different Strain Rates Are Barely Distinguishable  
(a) Nominal stress considering the section 0S  (b) True stress considering the section 
0S
λ
. 
The TPE tensile deformation is found not dependent on the strain rate for this 
range of strain rate. The true stress is somewhat used for elastomers but the nominal 
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stress is preferred and far more common in mechanics for engineering purposes. We 
will mainly use the nominal stress in this work and call it stress as in use in the 
composite community. 
TPO is PolyPropylene-based, the corresponding gT  equals roughly 0°C (-10°F). 
Therefore, we can notice that at ambient temperature (K): 
1ambient
g
T
T
≈
      (E.II.2) 
From Fig. II –1, we expect an extensive cold-drawing behavior associated with a 
necking sample. On Fig. II –3, we do observe the necking of samples. TPO is strongly 
strain rate dependent as it exhibit as yielding point. 
 
Figure II – 3 TPO Uniaxial Traction (a) Left: undeformed sample  Right: deformed through 
necking; the white color indicates change in crystallization (b) Stress-stretch curves of TPO at 
various strain rates. 
 
 The TPO is also strongly temperature dependent. The model of Eyring [Eyring 
1936] provides a basis to correlate the effects of temperature and strain rate on flow 
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stress. The idea is that a segment of a polymer molecule must pass over an energy 
barrier in moving from one position to another in the sample [Krevelen 2009]. The 
application of the Eyring model for the yield predicts the yielding stress yσ  
considering the temperature T: 
0
2 ln( )y yact
act
E R
T V T
σ χ
χ
 ∆
= + 
 
&
&
     (E.II.3) 
where actE∆  is the activation energy required to take a mole of segments to the top of 
the energy barrier; actV  is the activation volume, e.g. the volume of jumping segments; 
yχ&  is the experimental strain rate and 0χ&  the reference strain rate. 
E.II.2 implies that for a considered temperature, the yielding point is only function of 
the strain rate logarithm. Therefore beyond the uncertainty of measurement, we are 
able to predict and model the yielding stress of TPO (Fig. II –4) at ambient 
temperature. The difference of the experimental values from the theory fitting is 
supposed due to the small notches of the sample sides resulting from the cutting of the 
samples, which promote the necking and alter the yielding point values. 
 
 
Figure II – 4 Yielding Stress of TPO; Measured (squares) and Predicted Behavior (line) at 
Ambient Temperature.  
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II – 1.3 Fabric Deformation and Critical Stretch 
We use a Jersey knitting pattern made of polyester fibers (Fig. II –5a). The 
loop geometry was determined using optical measurement and the features are found 
as 1 loop/mm toward the course direction and 1.44 loop/mm walewise, the yarn 
diameter is 0.23 mm (Appendix D). The repetitive and identical cut of samples is hard 
to achieve and it explains the large standard variation obtained. Experimental data 
suggest that the forces to reach the critical stretch (Fig. II –5b) and to rupture (Fig. II 
–5c) are not dependent on the orientation of the load when we considered the sample 
as a whole. However, as the loop geometry is anisotropic, the contribution of each 
loop varies coursewise to walewise. 
 
 
Figure II – 5 Jersey Fabric Made of Polyester Fibers; 0° is coursewise and 90° walewise  
(a) Top and bottom views of the fabric (b) Force to reach the critical stretch  (c) Force to reach 
the rupture. 
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Orientation and 
force in N/loop 
Critical stretch Rupture 
coursewise 0.20 1.92 
walewise 0.27 3.25 
Table II – 1 Force in N per loop coursewise and walewise to reach the critical stretch and 
rupture. 
 
As said in I –5.4 from [Duhovic 2006], up to the critical stretch the fabric 
deformation is related first to the friction among fibers followed by the yarn flexion. 
The loop contribution coursewise and walewise is the same (Table II –1). It suggests 
that the imbalanced geometric ratio of the loop is not mainly ruling the deformation to 
the critical stretch. However from the critical stretch to the rupture, the deformation 
results from the compression and the extension of the yarns. The strong divergence 
observed in the contributions coursewise and walewise implies that the geometric 
features of the loop is involved such mechanism by enhancing/preventing the yarn 
compression/extension. Walewise, the loops provide a stronger resistance to the 
extension per unit.  
 
In terms of extension, the experimental results show a strong dependence on 
orientation for both the critical stretch and the rupture as observed for various fabrics 
in [Luo 2002, Gommers 1998, Araujo 2003a]. We observe the same distribution for 
both (Fig. II –6).  
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Figure II – 6 Jersey Fabric Made of Polyester Fibers; 0° is Coursewise and 90° Walewise (a) % 
strain to reach the critical stretch (b) % strain to reach the rupture. 
 
The coursewise stretch to rupture is the highest. The 30° orientated is almost the same 
as the coursewise. However, when we expose the fabric to a 45° orientated force the 
stretchability falls to the minimum. The 60° and the walewise orientations are very 
close to that minimum too. So despite having a quasi-isotropic force to reach the 
critical stretch and the rupture we observe anisotropic deformations where we can 
distinguish more stretchable coursewise and 30° from the other orientations.  
One point to note is that the critical stretch is directly linked to the rupture whatever 
the stretch direction (Table II –2).  
 
Orientation coursewise 30° 45° 60° walewise average 
Ration of  %Rupture over 
%CS 
2.27 2.15 2.01 2.45 2.17 2.21±0.16 
Table II – 2 Ratio of the stretch to rupture in % over the stretch to reach the CS in %; polyester 
fabric. 
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The standard deviation of 7% is concordant with the standard deviation 
observed on the measurements. Nevertheless, due to the large dispersion of the results 
we need to be cautious and take into account several other measurements. The data 
from [Baléa 2011] measured on Jersey fabrics made out of carbon, glass and basalt 
fibers are presented in Table II –3. We note that all fabrics have the same loop 
geometry and the same yarn diameter, but those features are different from the ones of 
the polyester fabric we used above. The fabrics used in [Baléa 2011] and the 
experimental data can be found in Appendix F. 
Orientation 
and fiber 
nature 
coursewise 
ratio 
walewise 
ratio 
carbon 1.04 1.05 
glass 1.06 1.08 
basalt 1.03 1.06 
Table II – 3 Ratio of the stretch to rupture in % over the stretch to reach the CS in % from 
[Baléa 2011]. 
Therefore, we can conclude that the ratio %Rupture over %CS is independent 
of the nature of the fibers. However, the yarn diameter and the loop size seem to 
impact on the value of the ratio as the results from Table II –2 and different from the 
one in Table II –3. For one knitting pattern, loop geometry and yarn diameter we can 
directly relate the critical stretch to the stretch to rupture whatever the fibers used. 
Another point to note is that the knitting pattern impacts the anisotropic tensile 
properties in terms of critical stretch beyond the nature of fibers, the yarn diameter 
and the loop geometric ratio (Table II –4). 
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Fiber nature 
%CS 
coursewise over 
walewise 
carbon * 1.69 
glass * 1.44 
basalt * 1.54 
Polyester 1.65 
average Jersey 1.58±0.11 
Table II – 4 Ratio of the stretch to rupture in %  coursewive over walewise; * data from [Balea 
2011]. 
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II – 1.4 Flexible Composite Deformation 
We now focus on the stress strain curve of a Jersey fabric reinforced TPE 
composite and compared it to the unreinforced TPE and the fabric only in order to 
observe that effect of both components over the whole system. The high stretchability 
of the fabric is due to the ability of the loop to deform [Bekisli 2012, Hagege 2004]. 
 
The first point we address is to observe the impact of the reinforcement weight 
content on the tensile properties of the composites. We carry out tensile tests on 
samples from two different plates: 16%w (Fig. II –7a) and 21%w (Fig. II –7b) fabric 
content. 
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Figure II – 7 Stress-strain Curve for Reinforced TPE (a) 16%w of fabric  (b) 21%w of fabric 
 
We observe that for both plate, the reinforcement strongly improves the stress 
to rupture compared to the TPE sheet. The difference of stress to rupture observed is 
consistent with the variation of thickness induced by the different fabric weight 
contents. Indeed, as the fabric weight content increases the thickness of the plate 
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decreases and therefore the stress increases. The thickness of the 21%w plate is 1.35 
mm and the one of the 16%w is 1.85 mm. The stretch to rupture is roughly the same 
for each orientation when considering a measurement uncertainly of ± 5 % in strain. It 
means that the improvement is reliable and reproducible. We have to note that there is 
only one orientation for which the composite exhibit a fragile and sudden rupture for 
the 16%w whereas all orientations lead to fragile rupture for the 21%w. For 
applications when fragile ruptures are not suitable, the thickness of the composite 
should be the thickest possible. We note that even after the fabric rupture for thick 
samples, the composite samples have a higher stress than the matrix itself whatever 
the strain is; the broken fibers align toward the stretch direction and some are 
involved in the deformation stress, linear fiber reinforcement of elastomers is studied 
in [Peel 2001]. In this case, the mechanical properties should be thought in term of 
force and not stress as the force to rupture is ruled by the reinforcement and not by the 
matrix (Table II –5) as claimed in [Chou 1992]. The strain energy or the energy 
dissipated through extension can be estimated as the area below a stress-strain curve. 
The equations concerning the strain energy are specially addressed in the chapter III.  
As said above, we will use the force instead of the stress to compare both composite 
plates due to thickness issue; therefore we will focus on the area of the force-strain 
curve instead. The actual area measured for the composite will be compared to the 
one found for the matrix only. The resulting ratio will indicate the reinforcement 
improvements and it will be called force-strain area ratio. It represents the work done 
by the internal forces during deformation. The ratios are fairly the same for both 
plates along each orientation which comforts the reliability of the reinforcement.  
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Rupture orientation 21%w 16%w Average 
Force in N 
coursewise 379.6 369.6 374.8 
30° 389.6 414.6 402.1 
45° 539.5 554.4 556.9 
60° 499.5 504.5 502.0 
walewise 544.4 514.5 529.4 
Stretch in % 
coursewise 116.9 129.2 123.1 
30° 87.5 86.2 86.8 
45° 82.3 69.4 75.8 
60° 67.4 59.6 63.5 
walewise 93.1 82.9 88.0 
Force-strain 
area ratio at 
rupture 
compared to 
matrix 
coursewise 2.98 3.06 3.02 
30° 3.13 3.53 3.33 
45° 4.75 4.90 4.82 
60° 4.74 4.59 4.66 
walewise 4.59 4.35 4.47 
Table II – 5 Force to rupture, stretch to rupture and Force-strain ratio for  16%w and 21%w. 
 
The second point to investigate is the stretch to rupture provided by the 
reinforcement. Indeed, we expect that the stretch to rupture of the composite to be 
lower than the one of the fabric only. The critical stretch is determined by the ability 
of loops to deform. As seen in II – 1.3, the rupture is proportional to the critical 
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stretch. Therefore, restricting the loop deformations will lower the critical stretch and 
so the strain to rupture (Fig. II –8a). However, the 45° and the walewise orientations 
do not present loss. It means that the restrictions of the loop deformations and 
movements are anisotropic. 
 
 
Figure II – 8 Comparison Between Reinforcement and Reinforced Composite (a) % stretch to 
rupture   
(b) Force to rupture in N. 
 
We observe that the force to rupture is strongly greater for the composite than 
the one for the reinforcement (Fig. II –8b); it seems that the matrix does not provide 
the entire difference as observed for a glass reinforced thermoset elastomer in 
Appendix G. We suppose there is an additional force due to the cohesion. The 
physical result is the presence of sheared zones in the composite after rupture (Fig. II 
–9a). Therefore, it clearly points out that the resulting composite force to rupture is 
greater than the sum of the reinforcement and matrix contributions (Fig. II –9b): 
additional phenomena are absorbing energy which results in a greater force to rupture. 
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In order to estimate the contribution of the cohesion, the contribution of the fabric and 
the TPE matrix have to be subtracted to the stress of the composite. 
We use the following equation:  
cohesion composite fabric TPEσ σ σ−= −     (E.II.4) 
It can be written using the force to rupture of the fabric Ffabric and the section of the 
composite Scomposite: 
*composite composite fabric
cohesion TPE
composite
S F
S
σ
σ σ
−
= −    (E.II.5) 
 
Figure II – 9  (a) TOP: sample of reinforced TPE after rupture walewise  
BOTTOM: Zoom of the encircled zone; the tearing of the matrix is obvious 
(b) TOP: Stress contribution of cohesion to rupture in % and %CS of the fabric  
BOTTOM: force strain area ratio for average composite (Table II –5). 
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The additional contribution is found highly orientation dependent. 
Experimentally, we observe that the higher the critical stretch is (and the stretches to 
rupture as well as they are related in Table II –2) the lower is the additional 
contribution in stress: both evolve in opposition (Fig. II –9b). The correlation 
coefficient R2 between the contribution and the inverse of the critical stretch equals 
0.967. In term of strain energy improvement, we observe when considering the force 
that the experimental result evolution corresponds with the additional contribution in 
stress: The correlation coefficient R2 between them is 0.988. In other terms, we 
observe that the %CS of the fabric is inversely proportional both to the additional 
contribution in stress to rupture and to the force-strain area ratio. Therefore, the %CS 
of the reinforcement is primordial for the reinforced composite mechanical properties. 
In terms of stretchability, experimental results show as expected that the 
stretch to rupture over the critical stretch of the fabric ratio is lower for the composite 
than for the fabric itself as the matrix restrain the yarn displacements and so the 
stretchability of the reinforcement. The loss of the %rupture over %CS ratio is 
estimated at roughly 18% on average, but it may be slightly orientation dependent 
(Table II –6). 
%Rupture 
over 
%CS 
coursewise 30° 45° 60° walewise average 
fabric 2.27 2.15 2.01 2.45 2.17 2.21±0.16 
composite 1.81 1.92 1.40 1.95 2.03 1.81±0.25 
Table II – 6 Ratio of the stretch to rupture in % over the stretch to reach the CS in %; fabric 
compared to reinforced composite. 
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II – 2 Pure Shear Deformation and Interfaces 
 
Pure Shear deformations are compared with uniaxial extensions. We aim to 
observe the different mechanical behaviors of the fabric itself first but also when 
embedded. A special attention is provided on the interface between the reinforcement 
and the matrix to figure out possible improvements of the final product stretchability.  
II – 2.1 Simple and Pure Shear  
Pure shear deformation is less familiar than uniaxial traction or simple shear. 
However, pure shear is much easier to achieve than simple shear. In the literature, the 
axial pure shear deformation has been fully described for hyperelastic and 
incompressible cylindrical shaped material in [Horgan 2000]. Presently, we only carry 
out tests on rectangular reinforced samples. 
If we assume that no deformation occurs in the thickness direction e3 but is confined 
within the plane defined by the vectors e1 and e2. The deformation gradient has then 
matrix representation: 
11 12
21 22
0
0
0 0 1
B B
B B B
 
 =  
  
     (E.II.6) 
If we introduce the projection angle θ and the principle stretches λ1 and λ2, we can 
write through the polar decomposition theorem: 
B RU=
      (E.II.7) 
with  
cos sin 0
sin cos 0
0 0 1
R
θ θ
θ θ
 
 = − 
  
    (E.II.8) 
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and  
1
2
0 0
0 0
0 0 1
U
λ
λ
 
 =  
  
     (E.II.9) 
Therefore, if we have an isochoric planar deformation, we can write: 
1 2 1λ λ =       (E.II.10) 
Simple shear (Fig. II –10a) can be represented as the sliding of planes which are 
parallel to a given plane through a distance proportional to their distance from the 
given plane; it is by definition a constant-volume deformation whether the material is 
incompressible or not. It exists a set of elements which orientation is such that they 
remain unchanged. Let us set e1 this direction. We have then: 
1 1Be e=       (E.II.11) 
Therefore considering an isochoric planar deformation, we have:  
1 0
0 1 0
0 0 1
B
γ 
 =  
  
     (E.II.12) 
with γ being called the amount of shear. 
Pure shear with the considered axes as represented in (Fig. II –10b) is equivalent to a 
simple shear without rotation of the principle axes of stress. Several experimental 
pure shear results for elastomers can be found in [Rivlin 1997, Treolar 1975]. Such 
deformation is experimentally achieved by clamping a rectangular sheet of material 
along a parallel pair of edges (Fig II –10) in the E3 direction. If E1 is the extension 
direction then we can write: 
1
3
1
λ λ
λ
= =       (E.II.13) 
and  
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2 1λ =        (E.II.14) 
Pure shear deformation is therefore a 2D deformation contrary to the uniaxial traction 
which is a 3D deformation even if both result from a uniaxial force of traction. 
Strictly, the deformation can be considered as pure shear only in the central part as the 
free edges of the sheet tend to curve inward during the deformation. The actual set-up  
(Fig. II – 10d) we use for this study is made out of aluminum; the samples are all 
100mm wide and 20mm long in the direction of extension. A special attention has 
been made concerning the edges of the clamping parts.  
 
Figure II – 10 (a) Simple Shear of a Cubic Shape [Treolar 1975] (b) Pure shear of a cubic shape 
[Treolar 1975] (c) Pure shear of a rectangular plate [Ogden 1984]; Left: undeformed, Right: 
deformed  (d) Actual experimental set-up; Left: clamp edges, Right: full view. 
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The resulting stresses τ1 and τ2 in the direction E1 and E2 can be written for an 
isochoric hyperelastic material: 
2
1 2
1( )Gτ λ
λ
= −      (E.II.15) 
and 
2 2
1(1 )Gτ
λ
= −      (E.II.16) 
We note that 
3 0τ =        (E.II.17) 
with G corresponding to the modulus of rigidity. We note that the stresses τ1 and τ2 
referred to strained areas. 
The corresponding forces per unstrained area in the direction E1 and E2 are for an 
isochoric material [Treolar 1975]: 
1 3
1( )f G λ
λ
= −      (E.II.18) 
and 
2 2
1(1 )f G
λ
= −      (E.II.19) 
II – 2.2 Fabric Deformation 
We observe (Fig. II –11) that the fabrics stretch to rupture is much larger than 
the one measured in uniaxial traction (Fig. II –8a). Indeed, the lowest stretch to full 
rupture is about to 300%. However, the curves show several instabilities before 
reaching the full rupture; it means that localized yarns are breaking along the 
extension. As a result the force at rupture for pure shear is lower than the ones 
obtained in uniaxial traction (Fig. II –8b). 
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Figure II – 11  Pure shear deformation of the polyester fabric  (a) Up to rupture (b) Up to 100% 
deformation. 
 
If we focus on the first 100% of deformation (Fig. II –11b), we note a distinct 
behavior compared to the uniaxial traction, the force-stretch curves seems to be the 
same if we consider a 5-10% uncertainty of measurement. The critical stretches for 
various orientations are the same roughly 30% with a corresponding force of 40 N. 
The former observations are not compatible with uniaxial traction ones as the stretch 
to reach the CS is orientation dependent. It seems that the deformations of the loops 
are then isotropic. The latter observation is concordant with the uniaxial traction as 
the force to reach the CS is not orientation dependent despite the higher value 
measured for the pure shear deformation. 
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II – 2.3 Flexible Composite Deformations 
From II –1.3, we expect a stretch to rupture independent of the orientation. We 
observe that it is indeed the case for the reinforced composite in pure shear 
deformations (Fig. II –12). The gain in stretch compared to uniaxial traction is 
particularly large for off main directions. But both coursewise and walewise stretch to 
rupture is the same whatever the kind of deformation. 
 
 
Figure II – 12 16%w Fabric Reinforced TPE both in Pure Shear and Uniaxial Traction 
Deformations. 
 
 
Figure II – 13 Comparison between Uniaxial Tensile Traction and Pure Shear Deformations. 
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In terms of stress to rupture, we observe that the uniaxial traction is orientation 
dependent contrary the pure shear deformation (Fig. II –13) as expected from the 
reinforcement behaviors. Indeed, the reinforcement rules the deformation [Chou 
1992], it seems logical that the behavior of the reinforcement corresponds to the 
behavior of the reinforced composite.  
 
II – 3 Fabric Lubrication Impact 
 
The loss of stretchability observed for reinforced composite compared to the 
fabric is due to the restriction on yarns movements and on the loop deformations. We 
focus now on the impact of the reinforcement lubrication on the flexible composite. 
Indeed, the loss of stretchability is a major issue regarding knit reinforcement. 
II – 3.1 Friction Consideration 
The yarn to yarn friction between warp and weft yarns at every crossover was 
found important in determining the formability of textile reinforced composites [Liu 
2004, Ye 1997, Liu 2005]. The usual typical range for the yarn to yarn coefficient of 
friction ϑ  is (0.1; 0.4) [Postle 2002]. The coefficient of friction is dimensionless. In 
the literature, we found two effective methods to estimate the yarn to yarn coefficient 
of fraction (Fig. II –14). The first method (Fig. II – 14a) is called the twisted strand 
method according to ASTM standard D3412-01. The coefficient of friction is 
calculated with this set-up by using the following equation: 
2
1
/ 2ln
/ 2
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f f
f f
n
ϑ
π
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− ∆
=
Λ
     (E.II.20) 
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where 1f  is the mean input tension; 2f  is the mean output tension; n is the number of 
twist and Λ is the apex angle. 
The second method is the Capstan method (Fig. II –14b). The coefficient of friction is 
calculated with this set-up by using the following equation: 
1 ln
2
f
W
ϑ
θ
=       (E.II.21) 
where θ is the contact angle between the yarn and the rod; f is the tension and W is the 
weight. 
 
Figure II – 14 Yarn to Yarn Coefficient of Friction Measurement from [Liu 2006], T is the 
tension or force f  (a) Twisted strand method (b) Captan method left: θ=0° Right: θ=90°. 
 
In the literature, PDMS is widely studied as lubricant of fabric especially in 
the ballistic impact area regarding the friction between both the projectile-fabric and 
the inter-yarn [Cheeseman 2003]. Indeed, the coefficient of yarn to yarn friction 
coefficient has a major role in impact resistant materials as shown in [Briscoe 1992] 
and references therein. We will use PDMS lubricant to decrease the friction 
coefficient between the matrix and the reinforcement and inter-yarns. We note that 
there are others way to measure the yarn to yarn coefficient of friction under complex 
solicitations such as during impact [Rao 2009]. 
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II – 3.2 Actual Surface Study and Rugosimetry 
The research in the composite materials aims at increasing the interlaminar cohesion 
between the reinforcement and the matrix. Usually, people are enhancing the 
interfacial energy by altering the surface in order to increase the wear; both increasing 
the area of contact and modifying the chemical nature of contact layers mainly 
increasing oxygenated polar contents [Tiwari 2011]. The tribology of polymers is a 
wide subject and it is complex as the interface undergoes plastic deformations, some 
materials can be found in the chapter book [Briscoe 1999]. In the present work, we 
aim at decreasing the wear between the reinforcement and the matrix in order to 
increase the stretchability of the composite mostly limited through the fabric 
deformation. However, knitted fabrics do not enable uniform fiber chemical 
treatments due to the knitting pattern. We therefore, use an additional component 
(lubricant) to decrease the wear between the reinforcement and the matrix.  
We use a white light based rugosimeter ALTISURF® 500 by COTEC to observe 
surfaces (Fig. II –15a). The white light is made of large range wavelength radiations. 
The small wavelength variations of the composing component of white light enable an 
accurate topological representation. The white light spot of diameter 1µm scans the 
surface back and forth through a lens; only the axial chromatism is monitored. Instead 
of focusing on one particular location, the lens acts like a prism and separates the 
various wavelength which each correspond to a particular location on the surface. The 
exact localization of one wavelength corresponds to the actual point M height (Fig. II 
–15b). The probe accuracy is 0.3 µm for a resolution of 60 nm. 
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Figure II – 15 White Light Based Rugosimeter (a) Visual aspect from the device sheet (b) 
Operation process. 
 
We only present results from a polyester fabric reinforced TPO plates as the 
non-lubricated reinforced TPE plates cannot be delaminated without plastic 
deformation of the TPE matrix and therefore alteration of the actual internal 
composite surface. Through compression molding, the reinforcement is incorporated 
into a single TPO sheet. The other side is a metallic plate which ensures the same 
distribution of pressure on the TPO-reinforcement system. 
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Figure II – 16 Surface Study of the Reinforcement (a) Polyester fabric (visual image) (b) 
Analyzed area (visual image) (c) Surface analysis (rugosimeter). 
 
On Fig. II –16, we note that the fabric is not perfectly flat even considering a 
few numbers of loops; the thickness of the fabric is 320 µm. We also observe that 
yarns cannot be considered as cylindrical shape due to the large number of fibers 
escaping the yarn. Regarding adhesion, those fibers play an important role. Indeed, 
the composite plates are made through the compression molding. The matrix is melt 
and the pressure ensures the impregnation of the fabric. In order to enhance the yarn 
movement, we need to ensure that out of yarn fibers are not incorporated into the 
matrix. The PDMS bath of the fabric enables to add an external layer for each yarn. 
When processed through compression molding, this layer prevents most out-of-yarn 
fibers to be in contact with the matrix melt. As a result, we can observe on Fig. II –
17a the visual aspect of non-lubricated and lubricated matrices after delamination.  
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Figure II – 17 Interface TPO-reinforcement Study; Left: non-lubricated Right: lubricated (a) 
Visual images  (b) Interface study (rugosimeter) (c) Interface study (3D representation). 
 
The non-lubricated matrix shows a fabric color-like surface contrary to the lubricated 
one which exhibits the true matrix color (grey). Some fibers of the matrix are 
incorporated into the matrix when non-lubricated.  
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The visual observation is confirmed by a deeper investigation (Fig. II –17b) as 
it suggests that the fabric mark depth in the matrix for non-lubricated is lower than the 
thickness of the yarns, lubricated depth equals the yarn thickness: after delamination a 
layer of fiber is left onto the matrix when non-lubricated. On the lubricated sample, 
the fibers of the yarn are even observable along the print. The 3D representation (Fig. 
II –17c) portrays that the yarn prints are much wider for the lubricated sample. This is 
another confirmation that the PDMS layer is still in place during the impregnation of 
the fibers, the compressibility of PDMS allows a deformation of the yarn coating 
resulting in a wider print as the PDMS is pushed aside by the yarn onto the matrix. 
Both the wider prints and the absence of incorporated fibers should enhance the yarns 
movement during the deformation of the composite. 
II – 3.3 Lubricated Reinforcement 
The polyester Jersey fabric undergoes a PDMS bath for several hours. A 
differential weight is used to estimate the %weight of lubricant and assure that we are 
at saturation. The cut of each sample occurs after lubrication. The system is found to 
be 25%w fabric and 75%w PDMS at full saturation. 
Let us consider first the uniaxial traction. The first point to consider is the force to 
reach the %CS as the coefficient of friction plays an important role for the force to 
reach the CS. 
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Event in N Orientation Non lubricated Lubricated 
Average 
difference 
CS 
Coursewise 20±6 10±2 
49 % 
30° 21±5 9 ±2 
45° 20±6 10±2 
60° 16±6 10±3 
Walewise 19±5 10±4 
rupture 
Coursewise 202±26 172±14 
12 % 
30° 201±27 161±11 
45° 218±50 218±50 
60° 193±28 203±30 
Walewise 226±48 156±37 
Table II – 7 Force to reach the rupture and the CS for non and lubricated polyester fabric. 
 
We observe that the force to reach the CS is strongly impacted by the 
lubrication (Table II –7). On the contrary, the force to rupture does not seem to be 
much impacted due to the small difference and regarding the large uncertainty of 
measurements.  
In terms of extension, the experimental results show a strong dependence on 
orientation for both the critical stretch and the rupture. We observe the same 
distribution for both (Fig. II –18). In addition, the lubrication does not improve the 
stretch to CS and to rupture. The %rupture over the %CS ratio for the lubricated 
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fabric equals 2.21±0.14 and corresponds to the one found in II –I.3 of 2.21±0.16 for 
non-lubricated fabric. It means that the mechanisms such as the knitting pattern and 
the loop geometry ruling the stretchability of the fabric are not affected by the 
lubrication.  
As conclusion, one cannot consider lubrication to improve the fabric strechability; 
however one can expect to lower the force to reach the CS due to the expected lower 
friction coefficient as found in [Briscoe 1990]. 
 
Figure II – 18  Stretch for Lubricated and Non-lubricated Fabric (a) Critical stretch in % (b) 
Stretch to rupture in %. 
 
II – 3.4 Lubricated Fabric Reinforced Composite 
We observe that off main directions, the reinforced composite stretch to 
rupture is higher than the one for the lubricated fabric (Fig. II –19a). As said in II –
3.3, the lubrication does not improve the stretch by itself. However, the association 
between reinforcement and matrix is favorable to enhance to stretch. For main 
directions, the stretch to rupture is lower than the ones for the lubricated fabric. It is 
the same behavior we have for the non-lubricated reinforced composite (Fig. II –8a). 
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Figure II – 19  Impact of Lubrication on the Stretch to Rupture  (a) Comparison between 
reinforcement and composite  (b) Comparison between non-lubricated and lubricated 
composites. 
 
When we compare the lubricated and non-lubricated reinforced composites, the 
enhancement in stretch to rupture is obvious for all direction but walewise (Fig. II –
19b). It is related to the delamination of the reinforcement as seen on (Fig. II –20). 
Indeed, once the non-lubricated fabric breaks early the non-lubricated sample necks. 
It seems that the delamination allows the loops to fully deform before rupture and 
then improves the stretch to rupture. No necking is observed for lubricated samples 
but only a delamination. 
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Figure II – 20  30° Orientated Reinforced Composite Samples after Uniaxial Traction Left: 
lubricated; Right: non-lubricated; Middle: side view of lubricated (top) and non-lubricated 
(bottom). 
 
If we consider the force to rupture, the delamination of the reinforcement is 
not proven positive. We observe the same dependence on the orientation of traction 
for both non-lubricated and lubricated composites (Fig. II –21a). But the force is 
much lower for the former. It can be found that for most of the orientation, the loss in 
force to rupture is about to 50% (Fig. II –21b) although it is only 35% coursewise. It 
is expected from the surface study in III –3.3. As the off yarn fibers are not 
incorporated to the matrix. Therefore, those fibers do not break during the 
deformation and the overall force to rupture decreases. 
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Figure II – 21 Lubrication Impact on the Force to Rupture  (a) Comparison between non-
lubricated and lubricated composites  (b) Loss in force to rupture induced by the lubrification. 
 
It has to be noted that delamination seems to be occurring for compression 
molding manufactured composites. However, for liquid molding manufactured fabric 
reinforced composites (glass fabric reinforced PolyUrea thermoset elastomer), we do 
not observe delamination of the composite while observing the same mechanical 
behaviors towards lubrication: enhanced stretch to rupture and lower by 44% 
regarding the force/stress to rupture for lubricated fabric reinforced composites 
(Appendix G). Experimental results suggest that the interfacial energy represents 
roughly half of the internal work (strain-force ratio) and strain energy (stress-strain 
ratio). 
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II – 4 Tensile Matrix Behaviors Regarding the Fabric 
Reinforcement 
 
Thermoforming is usually carried out on low profile polymers. We investigate 
the feasibility of knit reinforcement for shear yielding and non-elastomeric materials. 
The aim is to point out the principal issues to fabric reinforcement designed for low 
added value products and production.   
II – 4.1 Shear Yielding and Crazing 
The most common interpretation of the sample necking is the shear yielding. 
However, it has to be noted that shear yielding or shear band formation is one of only 
two important yielding processes in polymers. The other is crazing. Crazing involves 
the formation of a network of fibrils connecting the upper and lower surfaces of the 
craze. The craze itself forms at right angles to the applied stress. Shear yielding, on 
the other hand, involves molecular slip to the applied stress. If the polymer forms 
crazes, it usually fails after 1% or 2% extension. For yielding, the polymer usually can 
be stretched at least 10% or 20%. The fracture resistance of a polymer is determined 
by its ability to develop a yield zone in the region of a crack tip, where it is usually in 
a state of triaxial stress. The so-called von Mises criterion is usually used: 
2 2 2 2
1 2 2 3 3 1( ) ( ) ( ) 6Cσ σ σ σ σ σ− + − + − =    (E.II.22) 
where σ1, σ2, and σ3 are the triaxial stresses. For polymers, the quantity C is pressure, 
temperature, and strain rate dependent. If the left-hand side exceeds 6C2, then shear 
yielding occurs, according to the pressure-modified von Mises criterion. 
The plastic deformation morphology is depicted in Fig. II –22. The corresponding 
steps are: 
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(a) Hookean deformation 
(b) Anelastic deformation starts 
(c) Growth of crazes which are pseudo-cracks producing stress concentration at their 
tips 
(d) Propagation of Lüders lines which are plastically deformed bands nucleated by 
stress concentration due to crazes 
(e) Lüders lines propagate across the whole section and form an inclined neck. 
(f) After the yielding point, the load decreases during the necking 
(g) The neck extends along the sample while the load remains constant 
(h) When the whole length has necked, an uniform work hardening occurs and the 
load increases suddenly 
(i) "Diamond" or "Fibrous" shape fracture occurs 
 
 
Figure II – 22 Stress-strain Curve of Cold-drawing Morphology [G'sell 1982]. 
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II – 4.2 Non Elastomeric Reinforced Matrices  
Fabric reinforcements are used and studied in non-elastomeric matrices especially for 
impact resistant structures [Khondker 2005, Briscoe 1992, Rao 2009]. In term of 
thermoforming process, many polymer based product are thermoformed. We aim at 
monitoring the effectiveness of fabric reinforcement in various matrices as it may 
have an industrial interest first.It also may give information on mechanisms involved 
in the deformation especially regarding the reinforcement lubrication. 
Experimental results on an E-glass reinforced High Impact PolyStyrene (HIPS) from 
the Styron family, shows a good improvement in both the stretch and the stress to 
rupture (Fig. II –23). We note that the high stretch to rupture is not supposed to 
correspond with usual crazing behaviors which are expected lower. 
 
Figure II – 23 Stress-strain Curves for Reinforced HIPS in Uniaxial Traction. 
 
The strain energy ratio (Table II –8) is very close to the force-strain area ratio 
observed for the flexible composites (Table II –5). It means that reinforcement in 
flexible composite is as effective as it is in non-deformable composites. 
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Orientation coursewise 30° 45° 60° Walewise 
strain energy 
ratio 
3.24 3.64 3.77 3.91 6.14 
Table II – 8 Strain energy ratio for a glass reinforced HIPS composite in uniaxial traction. 
Usually, the PS rupture is through crazing which are perpendicular to the direction of 
extension. In the present work, the band of higher stress resulting from the 
deformation strictly follows the yarn orientation (Table II –9) for main orientations. 
The coming idea is that the yarns induce weaker zones in the matrix as the matrix 
layer is thinner at those locations as observed; the resulting local strains depend on the 
yarn locations as measured through stereo correlation in Appendix F from [Baléa 
2011].   
 
Shear band 
gap (mm) 
composite fabric* 
Coursewise 2.00±0.04 2.05±0.12 
Walewise 2.45±0.12 2.28±0.14 
Table II – 9 Shear band location compared to yarns in a reinforced HIPS composite 
* measured in the composite as the matrix is clear. 
Visually, we have localized stress bands along the sample (Fig. II –24a). As described 
in [Zhang 2001], the stress concentration is orientation dependent, and the rupture 
occurs at the top/bottom of the fabric loops coursewise/walewise but off main 
directions it occurs along the yarn axis (Table II –10). 
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Orientation 
fabric 
coursewise 30° 45° 60° walewise 
Angle of  
bands (°) 
93.7±0.8 32.4±3.0 41.2±1.5 57.6±4.7 94.0±0.9 
Table II – 10 Angle of shear bands toward the extension direction. 
The same behavior is seen for E-glass reinforced PS-PE co-polymer (Fig. II –24b). 
Even if the rupture process seems to be the same, the reinforcement is not probing 
(Fig. II –25).  
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Figure II – 24 High Stress Bands during Uniaxial Traction; Left: coursewise, Right 30° (a) 
Reinforced HIPS  (b) Reinforced PE-PS. 
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Figure II – 25  Stress-strain Curves for Reinforced PE-PS in Uniaxial Traction. 
 
We observe that even if the stretch to rupture is somewhat enhanced (Fig. II –25), the 
glass fabric reinforcement does not improve the strain energy ratio (Table II –11) for 
all orientation.  
 
Orientation coursewise 30° 45° 60° walewise 
strain energy 
ratio 
0.80 0.78 0.46 0.87 1.07 
Table II – 11 Strain Energy Ratio for a Glass Reinforced PE-PS Composite in Uniaxial traction. 
 
It seems that the PE component of the co-polymer which when alone yields, refrain 
the effectiveness of the reinforcement. We use a yielding elastomer (TPO) to monitor 
the yielding point effect regarding the fabric reinforcement with/without lubrication.  
87 
 
II – 4.3 Yielding Point and Cold Drawing Regarding Reinforcement 
We now focus on the yielding point and the cold drawing phenomena regarding 
uniaxial traction. The necking of the sample for uniaxial traction is not experimentally 
found suitable for highly flexible composites as the stretch to rupture is only a few 
percent even for lubricated fabric reinforced composite (Fig. II –26). It is far below 
what we would expect from the fabric itself (Fig. II –5a) and the TPO matrix (Fig. II –
3). Therefore, the fabric reinforcement of TPO plate is not desirable. It seems that the 
reinforcement prevents the sample to deform anelastically.  
 
Figure II – 26 Stress-strain curves for reinforced TPO in uniaxial traction walewise; lubricated 
or not. 
 
We point out that polyester fabric reinforced TPO samples are 85%w matrix 
and 15%w fabric. The lubricated ones are 74%w TPO, 14%w fabric and 7%w 
lubricant. Such behavior is confirmed by the poor effectiveness observed for the 
reinforced PS-PE co-polymer. On the broken samples, we observe some shear bands 
induced at the yielding point. There occurs repeatedly on the yarns along the sample. 
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We focus on them as they can give some information on the loss of stretchability 
phenomenon. 
The main distinctions with the reinforced HIPS and PS-PE copolymer are that the 
bands of higher stress have the same orientation whatever the extension direction 
(Fig. II –27). In addition, lubricated samples show perpendicular bands to the 
extension direction; on the opposite the non-lubricated samples exhibit oblique bands 
with constant angle toward the extension direction. The bands repeat themselves for 
each row of yarns. Those bands are the results of local higher strain which promote 
crystallization and the color change on the TPO matrix (Fig. II –3a). We try to 
understand the impact of the lubrication through those visual results.  
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Figure II – 27 High Stress Bands on Reinforced TPO in Uniaxial Traction Coursewise; Left: 
Non-lubricated, Right: lubricated (a) Zoom in  (b) Zoom out comparison; the bottoms are the 
clamped parts. 
 
The cold drawing of polymeric fiber mechanical behaviors can be observed by 
monitoring the birefringence during uniaxial traction [Fouda 1990]. When considering 
a parallepipedic polymer sample subjected to stretching (Fig. II –28a), the 
deformation can be uniform as seen for TPE but also localized necking can occurs as 
seen on TPO through yielding followed by cold-drawing (Fig. II –28b). In the fabric 
reinforced TPO case, the instability appears as several oblique shear bands initiated. 
The angle φ between the neck and the tensile axis is always larger than 45° typically 
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50° to 60°, the first model described is fully described in [G'sell 1982]. The angle φ is 
determined by: 
arctan( )
2 2
π µ
ϕ = +      (E.II.23) 
where µ is a material parameter and is determined from the ratio of compressive to 
tensile yield of the material. This relation is subject to caution as the validity of this 
model has been questioned [Bowden 1972, Li 1976]. Therefore, we will not use it. 
 
 
Figure II – 28 Adapted from [G’sell 1982] (a) Oblique localized neck (b) Positive and negative 
triaxiality in the neck and shoulder; side view. 
A more probing model is the zero retraction. The deformation in the neck is supposed 
to be obtained at the expenses of the thickness only [Hill 1959]. In this model, the 
favorable direction for the band is such that the strain rate φχ&  is nil along the direction 
defined by the angle φ. We can write: 
2 2
11 22*cos *sind d dφχ χ ϕ χ ϕ= +    (E.II.24) 
and  
2 11
22
1
tan
d
d
χ
ϕ
χ ϖ
= − = −
     (E.II.25) 
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with ϖ  called the axial extension ratio. 
In case of uniaxial tension of an elastomer, we have: 
1
2
ϖ = −       (E.II.26) 
therefore, 
54.3ϕ = °       (E.II.27) 
 
In case of no lateral contraction, we have: 
 
22 0dχ ≈       (E.II.28) 
and 
0ϖ ≈
       (E.II.29) 
 
Therefore, we expect perpendicular shear bands to the tensile axis. Experimentally, 
the angles φ of the shear bands are expressed in Table II –12 coursewise. 
92 
 
 
φ (°) 
coursewise 
Non 
lubricated 
Lubricated 
Glass fabric 66.7±1.4 95.3±2.1 
Polyester 
fabric 
67.9±2.3 96.7±3.2 
Table II – 12 Angle of shear bands toward the extension direction for reinforced TPO in uniaxial 
traction. 
 
We observe that for both non-lubricated fabrics differ from the lubricated ones as we 
do not have perpendicular shear bands to the tensile direction for the former. It seems 
that the lubrication impact the deformation mechanisms of the composite as observed 
in Fig. II –27. 
The angle φ found for non-lubricated is larger than the one expected for a pure 
elastomer. (E.II.30) can be written with the Poisson’s Ratio υ: 
 
2
1
tan
υ
ϕ
=       (E.II.30) 
 
The experimental Poisson’s ratio is then found to be 0.18±0.03 for lubricated 
samples and 0.01±0.01 for non-lubricated. It seems very low but it may correspond to 
the very low stretch to rupture observed. Indeed considering an actual example, it is 
close to the range of 0.22-0.25 measured for glass fibers [Peel 2001, Gay 2003] and 
usually glass fibers have a very low strain to rupture [Peel 2001, Bekisli 2010]. We 
expect elastomeric behaviors and so large deformation for a Poisson’s coefficient of 
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0.5. In both cases, we observe little or no lateral contraction. Therefore, the resulting 
solicitation from σ11 only occurs through the stress σ33. From Fig. II –28b, we note 
that the stress σ33 induces a shear stress on the composite and notably on the fabric 
reinforcement. Out of plan shear stress on the composite prevents the polymer chains 
to align and therefore the cold drawing phenomenon to occur leading to early rupture.  
As noted in II –3.2, we observe that the lubrication of the fabric influences the 
cohesion between the matrix and the reinforcement. The shear bands angle suggest 
that for non-lubricated composite, both the matrix and the reinforcement behaves as a 
whole, the composite plate contracts. However, for the lubricated composite, the 
matrix does not contract, it is fair to assume that the fabric is deformed first as it is 
allowed to move freely inside the matrix. Nevertheless, topographic surfaces resulting 
from compression molding and mechanical interlocking do not lead a high 
stretchability. 
We note that, in case of biaxial extension, we have: 
0ϖ >        (E.II.31) 
Therefore, we do not expect localized neck nor shear bands. 
 
Intermediate Conclusion 
 
In this chapter, uniaxial extension and pure shear deformation were studied. 
We found that the fabric reinforcements are highly dependent on the orientation of 
stretch respective to the coursewise. They are found to be less stretchable when 
imbedded in the matrix. The interface impacts on the stress and stretch to rupture have 
been observed. Lubricated reinforcement prevents the impregnation of fibers escaping 
the yarn. Those fibers are ruptured during the loading and provide a significant part of 
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strain energy to rupture. The fabric strechability is not increased by the lubrication 
although the forces to rupture are lowered. The lubrication of the reinforcement 
enables when imbedded in the composite to increase the stretch to rupture of the 
composite. However, the decrease in stress to rupture is meaningful. It seems that 
lubrication is not able to promote a significant increase in composite stretchability; it 
mostly decreases the stress to rupture. Surface studies shows that even if the yarn 
fibers are not impregnated within the matrix, the mechanical interlocking induced by 
the fabric pattern restraint the yarn movements and stretchability. In order to achieve a 
composite stretchability close to the fabric one, the surface of the matrix layers should 
not have any valley in which there is a yarn. Compression molding may not be 
suitable in that case. We now focus on biaxial inflation loading. It is similar to 
pressured assisted thermoforming. 
 
 
III BiaxialStudy, Elasticity and Direct Stiffness  
III – 1 BiaxialDeformations 
 
Biaxialdeformations are interested as they reproduce partly the stretch 
undergone by the sheet using a plug or through vacuum. We chose to work with 
pressure-assisted deformations. We introduce the facility to carry out equibiaxial 
deformations, the inflated contour extraction and the measurement uncertainties.  
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III – 1.1 BiaxialFacility 
The last mode of deformation that is included in this study is equibiaxial 
deformation introduced at the sheet center during inflation experiments. Indeed, disks 
inflation is a simple out-of-plan evaluation of the expected deformation during the 
pressure-assisted deformation phase of thermoforming. The experimental 
measurements were carried out at the Clement Ader Institute of Ecole des Mines Albi, 
(France) facility (Fig. III–1). The equipment is composed of a circular IR lamp to heat 
the sample; the sample temperature is monitored by a calibrated pyrometer. The 
clamping system is also heated by conduction to impose a Dirichlet boundary 
condition. The system is monitored using a K-type thermocouple as the inside 
temperature is homogenized by convection. A lateral camera is used to record the real 
time deformation, from which the experimental deformation contour can be extracted. 
The device was initially set up to provide pressure up to 3 bars. Due to the small 
deformations of reinforced samples, the system has been modified to provide applied 
pressures up to 6 bars. However, such high pressures need a stronger clamp system 
which will be an issue for the sample contour extractions. 
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Figure III – 1 Left: schematic of the experimental set-up [Mercier 2006] Right: Actual clamping 
system. 
 
III – 1.2 Contour Extraction, Spherical Assumption and Cavitation 
A 3-step computational routine was written in Visual Basic to extract the 
axisymmetric shape of the inflated sample (Fig. III–2). The operating software is 
Aphelion 3.2. The first step is the calibration of the pixel using markers in the 
background. The second step is the extraction itself expressed in pixel coordinates of 
the Region Of Interest (ROI); the last step is the contour conversion into metric units. 
However, due to the relatively small deformations of the reinforced composites some 
issues occur, notably around the clamping system: the biaxial facility is designed and 
usually used for much larger deformations. The uncertainty through this method is 
found large as some portions of the contour are extrapolated. Nevertheless, the routine 
works well for deformed samples when analyzed outside the equipment and will be 
used as such.  
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Figure III – 2  Successive Steps of the Contour Extraction (a) Actual picture under CMYK color 
filter (b) ROI selection (c) ROI (d) Rough extraction (d) Fine extraction (e) Contour extracted on 
sample analyzed outside the inflation device. 
 
In order to monitor the sample during its deformation during inflation, people 
usually assume that the shape is locally hemispheric at the pole [Reuge 1998, Reuge 
2001]. Indeed in normal conditions, the elongation and the curvature radius is not 
measured on the entire contour because the deformation of the sample is rigorously 
equibiaxial only at the pole. People use a marker to locate the pole and measure the 
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extension ratio λθθ (Fig. III–3). Another method is to measure in real time the 
thickness at the pole to deduce λθθ using the local volume conservation if supposed 
conserved: 
0
2
t
t
θθλ
=       (E.III.1) 
with t the thickness at the input pressure ∆P and to the initial thickness of the sample. 
However, the second method is not applicable due to room limitation as we aim at 
heating the sample: the biaxial rheometer is enclosed in a vessel.  
 
Figure III – 3 (a) Usual intermediate inflated disk shapes, modified natural rubber [Reuge 2001] 
(b) Actual dimension of inflated disks Left: PET inflated disk not yet in rupture mode Right: 
Maximum deformation for Jersey reinforced TPE at rupture mode (c) Geometric scheme of 
inflated disks [Reuge 1998]. 
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Regarding the deformation at the pole method, both the reinforced and non-
reinforced TPE samples are found to form much smaller inflated disks than expected 
at first (Fig. III–3b), a pole marker contour extraction does not enable us to measure 
the true extension ratio as the measurement uncertainty magnitude for small 
deformations ( 2θθλ ≤ ) is found to be around 5-10% [Reuge 1998]. None of our 
experimental values of θθλ  is greater than 1.8. We may consider the sample entirely 
even if the condition of equibiaxial deformation is not true on the whole inflated disk. 
Uncertainties on measurement are developed further in III.-1.3. The deformed sample 
can be approximated either by a sphere [Reuge 2001] or by an ellipse [Mercier 2006]. 
For the former, we use the assimilated radius of curvature CR  located at the pole, for 
the latter we use the Ramanujan’s ellipse perimeter P approximation [Villarino 2008]: 
 
2
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 (E.III.2) 
where R0 is the initial radius of the sample disk, a is major axis radius, b is the minor 
axis radius. We use then the thin shell hypothesis: 
0 10%
c
t
R
≤        (E.III.3) 
with: 
2 2
0
2C
R hR
h
+
=       (E.III.4) 
The nominal stress can be expressed then with the applied pressure ∆P [Reuge 2001]: 
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∆
=
      (E.III.5) 
 
Figure III – 4 Primary Results on Biaxial inflation Disks (a) TPE biaxial; various methods (b) 
TPE biaxial; various methods (c) TPE comparison between uniaxial traction and biaxial (d) 
Vulcanized natural rubber data [Treolar 1975]. 
 
We observe on Fig. III–4a and III –4b that experimental results for the 
hemispheric, elliptic assumptions, the pole marker method and the contour extraction 
give fairly close correlation (respectively R2=0.997, R2=0.996, and R2=0.999). It 
seems that the main difference is an offset regarding the initial point (0,0). The pole 
marker and the hemispheric assumption give the smallest offset regarding the 
referential origin. Therefore, we will only present results based on those methods. The 
biaxial results match the uniaxial traction stress-strain curve only for very low 
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extension ratio. However, at higher deformation some divergence is notable (Fig. III–
4c). On the contrary, vulcanized natural rubber biaxial stress is higher than the one 
found in uniaxial traction for all strain (Fig. III–4d). We attribute that difference on 
the linearity of the TPE polymer network. Indeed, when inflated cavitation of the 
sample may occur as some voids are created through chain disentanglements and 
reptation (Fig. III–5). The vulcanized natural rubber, on the other hand, does not 
cavitate as the covalent bonds which bridge the polymer chains together prevent the 
cavitation from occurring. 
 
 
Figure III – 5 Cavitation process on TPE; Left: Pure shear deformation at very low shear rate; 
Right: Biaxial inflation, light scattering indicates cavitation at top. 
 
The cavitation process might also be induced from the compression molding 
phase. We process pellets of TPE into sheet by applying a pressure normal to the 
plates of the machine. The process may be assimilated to a translation of the melted 
pellets without any rotation of the melt which does not lead to a good mixing of the 
melt from different pellets. Indeed, the polymer processing industry polymer melt 
from pellets is always obtained from a translation coupled with a rotation as in 
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injection molding by using screws: the Giesekus model [Giesekus 1981] predicts that 
no polymer mixing can be achieved if the rotational is nil. Otherwise, weaker pellet 
“boundaries” are expected as the diffusion process from one pellet to another is slow 
as the diffusion coefficient of macro-molecules is usually quite low and limited in 
range. In our opinion, Fig. III–5 represents both the linear polymer chains and the 
poor mixing issues. On Fig. III–5 left we observed that the fracture line follows 
geometrically the melt junctions from the pellets; hexagonal-like shapes of squeezed 
pellets are obvious. Regarding the biaxial inflation, we suggest the scattering of white 
light at the inflated disk top arisen from voids as they do not seems to follow any 
geometric pattern. Nevertheless, this point is beyond the present work but might be 
considered for possible issues in thermoformed parts. 
We have to point out that the strains between uniaxial traction and biaxial inflation are 
not equals for the sample. The equivalent strain is: 
2 *
equivalent traction biaxialχ χ χ= =     (E.III.6) 
The biaxial strain is deduced through the volume conservation at the pole of the 
inflated disk: 
0
arccos(1 )Cbiaxial
C
R h
R R
χ = −
    (E.III.7) 
 
III – 1.3 Uncertainty Considerations 
We previously presented the extraction method and stated that this method 
lead to high uncertainty. We now developed the later in order to estimate the range on 
which the experimental data are correct. Contour extraction involves several steps, the 
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resulting stretch and stress determinations are not found accurate as the physical 
quantities are not directly measured but calculated though equations. The 
uncertainties regarding the stretch and stress have to be addressed. Let us now 
consider the uncertainty issue. The stretch uncertainty λ∆ is written: 
 
0
0
l l
l l
λ
λ
∆∆ ∆
= +
     (E.III.8) 
where 0l is the marker initial length and l the actual contour length of the marker. 
From Fig. III–3c, we can write: 
sin( )
c
dh AP
dl R
θ = =
     (E.III.9) 
with 
22
c
AP R h h= −
     (E.III.10) 
therefore, we have: 
22
c
c
Rdl dh
R h h
=
−
    (E.III.11) 
The actual contour length uncertainty is then: 
2
2
2
c
c
Rl h
l lR h h
∆ ∆
=
−
    (E.III.12) 
The uncertainty θθλ∆  regarding θθλ  is calculated as: 
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   (E.III.13) 
where 0l∆  is the uncertainty of the initial marker length 0l , H∆  is the uncertainty of 
the height H of the inflated disk, l the actual length at the pole and RC is the 
assimilated radius located at the pole. In order to diminish the uncertainty to a 
reasonable level, we should measure the greatest length l  possible. 
Regarding the stress, we can write: 
( ) c
c
RP t
P R t
θθ
θθ
σ
σ
∆ ∆∆ ∆ ∆
= + +
∆
   (E.III.14) 
with the actual thickness t: 
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θθλ
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      (E.III.15) 
and the thickness uncertainty t∆ : 
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0
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t t
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∆ ∆∆
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     (E.III.16) 
The stress uncertainty becomes: 
0 0
0 0
( ) 2c
c
R t lP l
P R t l l
θθ
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σ
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∆ ∆ ∆ ∆∆ ∆ ∆
= + + + +
∆
  (E.III.17) 
Using the stretch uncertainty, the stress uncertainty is developed as: 
0
2
0
2( ) 2 2
2
c c
c c
R t RP h
P R t lR h h
θθ
θθ
σ
σ
∆ ∆ ∆∆ ∆ ∆
= + + +
∆ −
  (E.III.18) 
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The detection of the contour is based on the level of contrast for each pixel of the 
ROI. We use square pixel. The uncertainty on length is then estimated as the size of 
one pixel which is 185 µm. The uncertainty will be taken as 0.2 mm.  
 
Figure III – 6  Inflated Height h from 1 to 10 mm top to bottom, uncertainty on pressure 0.02 
Bar, uncertainty both on initial marker length and Rc 0.2 mm, uncertainty on initial thickness 
2%; Top: Stretch Uncertainty (%) Vs. Actual Marker Length (mm); Bottom: Stress Uncertainty 
(%) Vs. Actual Marker Length (mm). 
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We observe on Fig. III–6, that even for conservative uncertainties on length 
and pressure the uncertainty regarding the stress is high even for relative high inflated 
height h. Experimentally, reinforced TPE heights top at around 10-15 mm. Therefore, 
one should not expect using the pole marker method to achieve a measurement with 
an uncertainty below 5%. In addition, we can wonder if the pole marker method is 
suitable for such small deformations. For reliable measurement, one should take the 
whole contour or the longest marker length possible which should be above 40-50 
mm to reach the 5% uncertainty. Although the stress is only truly biaxial at the pole of 
the inflated disk. We note that the simulations and the literature suggest adding an 
additional pressure correction due to the clamping system on the disk, especially at 
low deformation [Reuge 2008]. In our opinion, the most accurate method would be to 
measure the real time thickness at the pole for increasing pressure in order to work on 
actual thickness and not on average one. The issue then will be to enclose the 
equipment into a vessel for environmental studies. As the uncertainty considerations 
have been introduced we now present some experimental results.  
 
III – 2 Experimental Results 
 
We focus first on the non-reinforced biaxial deformation in order to compare it 
with reinforced samples. For the former, polymer engineering is expected to be the 
main driver of the deformation, for the latter the reinforcement is supposed to rule the 
deformation. Due to the complexity of the fabric extension embedded in TPE, we will 
compare linear to fabric reinforcements. Lastly, we point out the thickness 
improvement due to the fabric reinforcement. We only present raw data therefore 
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uncertainty estimations will be given along with data. One data point is obtained from 
one picture treatment. 
III – 2.1 Polymer Matrix 
In order to investigate the reinforcement impact on the composite forming, we 
first observe the thermal impact on TPE biaxial deformations (Fig. III–7). The stress-
stretch curves portray two thermal dependencies: the temperature impacts on both the 
moduli and on the chemical structure of the matrix. 
 
Figure III – 7 TPE Biaxial Deformations; Left: Estimated uncertainty in %; Right: Experimental 
data, Top: Stretch Vs. Applied Pressure in bar; Bottom: Nominal Stress in MPa Vs. Stretch. 
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There are three clusters of data: from 0°C to 30°C, from 40°C to 60°C and 
from 70°C to 90-95°C. Within such ranges, the variations are limited and may be 
predicted through Arrhenius temperature dependence. Please see III.3.1 and III.3.2 for 
more information on the possible models. In terms of manufacturing, we are more 
interested in the large gaps at 30-40°C and 60-70°C. The gaps arisen from changes in 
the free volume of the polymer structure. An elastomer is defined as a cross-linked 
amorphous polymer above its glass transition temperature. Historically, elastomers 
were only thermoset based. The best example is the natural rubber extracted from the 
rubber trees which then is sulfur vulcanized. The vulcanization provides a covalent 
bonding among the linear polymer chains of the natural rubber. The main drawback to 
thermoset elastomers is that they are not recyclable due to the irreversible covalent 
bonding among chains. Thermoplastic elastomers are new materials that contain 
physical cross-links rather than chemical (covalent bonding) cross-links. A physical 
cross-link can be defined as a non-covalent bond that is thermodynamically stable 
under one condition but not under another. Thermal stability is the most important 
environmental conditions. These materials behave like cross-linked elastomers at 
ambient temperatures and low strains but as linear polymers at elevated temperatures 
or for high strains, having reversible properties as the temperature is raised or 
lowered. The most important method of introducing physical cross-links is through 
block copolymer formation [Sperling 1970, Sperling 2006]. At least three blocks are 
required. The simplest structure contains two hard blocks (with a Tg or Tm above 
ambient temperature) and a soft block (with a low Tg) in the middle [Lal 1982]. The 
soft block is amorphous and above Tg under service temperatures, and the hard block 
might be glassy or crystalline. We use Dynamic Mechanical Analysis (DMA) and 
Differential Scanning Calorimetry (DSC) to deduce the Tgs and Tms. TPE are made 
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out of Polyester-block-Polyamide. TPO are made of PP, PE and block copolymer 
polypropylene based for the soft phase. Please refer to [Holden 2000] and references 
therein for additional references and materials. We use a DMA scan (Fig.III –8) and a 
DSC scan (Fig.III –9) to point out the modifications at the chains level. 
The gap between 30°C and 40°C is obviously Tm-driven. Indeed, on Fig. III–8 
we observe that within this temperature range a block of TPE chains is melting. The 
transformation is also depicted in Fig. III–9. As a result, we have an increase in free 
volume which leads to a sharp transition in the stress-strain curves (Fig. III–7).  
The same is applicable for the 60-70°C gap. Although, the DSC scan does not 
obviously represent this change in free volume, the DMA scan is abruptly stopped. 
Indeed, the elastic modulus is falling below the detection level. The modification of 
the elastic modulus results in as expected in a transition in the stress-strain curves 
(Fig. III–7). One should use the temperature behavior when adjusting the 
thermoforming temperatures. Thermoformers may use a forming temperature of Tg 
minus 20°C which corresponds to the useful temperature Tu. However, from the 
biaxial stress-strain curves we expect little difference in deformation for temperature 
above 70°C. We were not able to inflate TPE above 90-100°C without immediate 
puncture due to the low elastic modulus. In terms of manufacturing cost, one should 
target the lowest forming temperature as possible in order to diminish the 
manufacturing cost. We propose a forming temperature close and above 70°C to 
avoid an increase in forming pressure and costs. The pressure is then maintained 
during the cooling to room temperature to avoid relaxation and to ensure the sample 
shape-maintaining.  
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Figure III – 8 DMA curves; 5°C/min, elastic modulus in blue , loss factor in red ; 1.Tg soft block 
2.Tm hard block  3.Tg hard block (PP) 4.Tm hard block  (a) glass reinforced TPE (b) TPO.     
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The DSC scan is carried out using a flux compensation method which enables due to 
the low sample mass used to distinguish the Tgs from the Tms: Tgs are not measurable 
for such tiny amount of sample (around 1 mg). 
 
Figure III – 9  DSC Scans Using Flux Compensation Method (Tg not observable) EXO UP; 
heating rate 10°C/min. 
 
This study is qualitative and do not aim at quantitative results. For further 
investigations, one may carry out several experiments: Nuclear Magnetic Resonance 
(NMR), MALDI, gas and liquid chromatographies, swelling… Elastomers may 
deform with a memory of the maximum load it previously achieved. Regarding the 
engineering point of view, this effect called Mullin’s effect may be important. Indeed, 
materials that will be loaded several times will not response as expected for the first 
loading as point out in Fig. III–10. It may be critical for multI –step thermoforming 
such as pre-stretching based processes presented in chapter I. It is suspected that the 
reptation of elastomeric chains and therefore the free volume within the sample are 
involved in the process as developed in [Diani 2009] and references therein. Unlike 
non-crystalizable, crystalizable polymers are not expected to reach the biaxial stress-
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strain curve obtained for the first cycle as some strain energy is lost through the 
increase of free volume. 
 
Figure III – 10  Mullins Effect [Harwood 1967] in biaxial loading; Left: Non-cristallizable 
(Styrene Butadiene Rubber); Right: Cristallizable (Vulcanized Natural Rubber). 
 
We use a thick TPE disk which is inflated several times with increasing maximum 
pressure from cycle to cycle and slowly allowed to relax to a non-loaded position at 
the end of each cycle. The first few cycles are depicted in Fig. III–11. The relaxed 
positions after the cycles are also represented in Fig. III–11. We observe that the TPE 
does not fully recover and a permanent deformation is achieved. The residual stretch 
can be modeled using a polynomial form. 
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Figure III – 11 Non-reinforced TPE biaxial deformation; Left: Few first cycle; Right: Residual 
stretch after several cycles. 
 
For more information, TPE sample cycling in uniaxial loading can be found in 
[Bekisli 2010, Payne 2013]. We point out that the TPE follows the Mullin’s effect as 
expected for a non-cristallizable polymer. Crystallization under strain is another point 
to note. Indeed, several properties are affected and issues arise from crystallization 
such as gas and liquid permeations, strain hardening, change of visual aspect, etc… 
One may find numerous information regarding engineering issues of semI –crystalline 
polymer processing in [Sperling 2006] and references therein. We use an X-ray 
diffractomer to determine is the TPE and TPO matrix are amorphous or semI –
crystalline based on the diffraction phenomenon (Fig. III–12).  
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Figure III – 12 X-ray diffractometer set-up.  
 
The diffraction phenomenon follows the Bragg's law: 
* 2 sin( )n dλ θ=
     (E.III.19) 
where d is the interplanar distance, θ is the incidence angle, n is an integer and λ is the 
wavelength. On Fig. III–13, we observe several bands which represent the diffraction 
of the various parallel planes in the microstructure or crystallites. Broad bands are not 
purely crystalline even if a certain arrangement is observable. A PHILIPS X’PERT 
PRO device is used. It is equipped with a copper anticathode (wavelength λKα (Cu) = 
1, 54184 Å, tension 45kV and intensity 40mA) and a high speed detector X' Celerator. 
The analysed zone is limited by slits for a 10mm x10mm surface. 
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Figure III – 13  Diffraction Pattern Collected in Reflection at Ambient Temperature (a) TPE 
undeformed: amorphous arrangements (b) TPO undeformed: pure crystalline structures (c) TPE 
biaxial deformed ε = 40% (d) TPO uniaxial deformed ε = 300%. 
 
As expected by the literature regarding the Mullin’s effect, the TPE is 
amorphous and does not crystallize under strain repetitive or not. This reinforces the 
cavitation suggestion corresponding to the process observed in Fig. III–5. Indeed, as 
TPE is amorphous there is no crystalline content to scatter white light and therefore 
the scattering is likely arisen from voids created through sample cavitation. On the 
other hand, the TPO is semI –crystalline and its crystallinity tends to be impacted by 
stretching. One should be careful using the TPO as the material properties are 
dependent on the stretch as visibly shown on stretched samples on Fig. I –3. 
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III – 2.2 Reinforced Sample 
III.2.2.1 Linear Reinforcement study 
We presently study linear reinforcement to point out processes in biaxial 
deformation as fabric reinforcement may be complex at first. The roofing company 
GAF produces a flexible composite made of a TPO matrix reinforced with polyester 
fibers for industrial roofing applications. The reinforcement consists of 2 layers 
oriented 0º and 90º of uniaxial fibers (Fig. III–14) held together by a smaller yarn. 
More information of GAF products can be found in [Payne 2013]. 
 
Figure III – 14 GAF product reinforcement; data averaged on 20 samples. Three different 
thicknesses: 40mils (1 mm), 60 (1.5 mm) and 80 mils (2 mm).  
 
The experimental results for such system are highly dependent on the loading 
orientation (Fig. III–15).  
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Figure III – 15 Uniaxial traction Stress-Strain curves (10 mm/min), 40 mils. 
 
As predicted by the reinforcement orientation visual, the composite is highly oriented 
toward the fiber directions for loading. Off the main axis, the reinforcement does not 
provide much additional reinforcement in uniaxial traction compared to the non-
reinforced TPE matrix. However, when deformed under pure shear the composite 
behaves like a composite reinforced with a non-oriented reinforcement (Fig. III–16). 
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Figure III – 16  40 mils Top: Stress-Strain curves under pure shear deformation (10mm/min) 
Bottom: Comparison between pure shear and biaxial inflation (hemispheric assumption); stress-
strain curve. 
 
Initial results show that the biaxialinflation behavior is very close to the pure 
shear deformation. At large applied pressures, the biaxial stress is slightly lower than 
the ones obtained for pure shear. This can be explained with the larger uncertainty on 
pressure: from 3 to 6 bars (6 highest strain data points), the pressure is monitored 
using analog and not numerical instrumentation. Nevertheless, due to the high 
uncertainty of the biaxial measurement we carried out several constructive 
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measurements on various systems to determine if the biaxial inflation can be 
considered as a pure shear deformation.  
In terms of manufacturing, the maximum deflection or height can be measured and 
estimated using simple polynomial expressions from the applied pressure (Fig. III–
17a), the stretch ratio (Fig. III–17b) and the nominal stress (Fig. III–17c). 
We also point out the effect on temperature on the biaxial deformation on Fig. III–
17d. The increasing temperature lowers the elastic modulus and enables higher 
deformations even for temperature far below the highest transition (Tm) of the TPO 
matrix (130 °C). 
 
Figure III – 17  (a) Height (mm) Vs. pressure (Mpa), 40 mils (b) Height (mm) Vs. stretch ratio , 
40 mils  (c) Height (mm) Vs. Nominal stress (Mpa), 40 mils (d) Effect of temperature on biaxial 
deformations for a GAF product, 60 mils. 
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It has to be noted that pure shear results may seem unusual regarding uniaxial 
traction stress-strain curves. Indeed, regarding uniaxial loadings, the material is highly 
oriented toward the main directions and little reinforcement is provided off main 
directions. However in pure shear loading the material offers quite similar responses 
to the loading whatever the orientation of the sample. We need to address this point as 
it also applies to biaxialdeformations.  
 
 
Figure III – 18 (a) Top: 0 oriented sample for uniaxial traction; Bottom: 0 oriented sample for 
pure shear loading; the left part of samples are clamped, arrows represent the loading (b) 
Projection of α oriented sample toward the loading direction. 
 
We want to show that pure shear responses are only due to geometric dispositions of 
the yarns (Fig. III–18). We count the number of effective yarns of which extremities 
are both clamped along the samples for various orientations (table III –1). A yarn or 
fiber is only effective if stretched all along the sample [Peel 2001].  
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Orientation of the sample 0° 30° 45° 60° 90° 
Number of effective yarn 0° 34 27 16 13 xxx 
Number of effective yarn 90° xxx 12 23 25 32 
Table III – 1Number of effective yarns toward main direction for pure shear samples (100x20 
mm). 
We deduce the contribution of the main direction yarns for the 0° and 90° oriented 
samples using the data presented in Fig. III–19. Using the number of yarns for the 
30°, 45° and 90° samples (Table III –1), we are able to point out the geometric 
dependency of pure shear stress-strain curves by projecting the contribution of each 
effective yarn toward the loading direction (Fig. III–19b). 
 
Figure III – 19  Pure Shear Analysis (a) Contribution of each yarn toward the main directions (b) 
30° Oriented sample (c) 45° Oriented Sample (d) 60° Oriented Sample. 
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On Fig. III–19, we observe that the 30° and 60° orientations can be accurately 
predicted using the stress-strain curves of the main direction yarns. The 45° 
orientation is more complex as the fibers holding the main direction yarns together 
(Fig. III–14) is adding additional shear stress which is not included in uniaxial 
traction. As a result, we can observe that even for highly oriented reinforcements, 
reinforced composites may offer quite different responses from the same loading: 
20x100 mm samples loaded in uniaxial traction will not provide much higher stresses 
than the non-reinforced matrix whereas a 100x20 mm sample will. Regarding biaxial 
deformations, it may be generalize that even reinforcement is provided for uniaxial 
fibers as long as the fibers are clamped at both extremities. 
III.2.3.2 Fabric Reinforcement 
We now focus on the more complex fabric reinforced TPE. As done 
previously for a linear reinforced TPO (GAF roofing product), we present the biaxial 
inflation stress-strain curves. As expected, the temperature affects the mechanical 
behaviors of the composite. Nevertheless, we do not observe large variations (Fig. 
III–20) found at 30-40°C and 60-70°C for the unreinforced TPE. We point out that for 
all temperatures; the flexible composite behaves the same below a 5% strain (0.6 bar). 
Above that level, we observe the same shape but with different magnitude in stress. A 
notable difference is for temperature above 90°C, we observe a large increase of strain 
for the maximum pressure of 3 bars. 
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Figure III – 20 PolyEster fabric reinforced TPE, biaxial deformation; Left: Experimental data; 
Right: Estimated Uncertainty; Top: Stretch Vs. Pressure (bar); Bottom: Nominal Stress (MPa) 
Vs. Stretch. 
 
On Fig. III–20, we observe that the biaxial and the pure shear behaviors are close 
even if at higher strain the biaxial stress is lower than the one measured for pure shear 
deformations. We note that fabric reinforced TPE behaves exactly like linear 
reinforced TPO (Fig. III–7). When embedded into a matrix due to the cohesion of the 
yarn-matrix developed in Chapter II, the fabric reinforcement acts as linear ones. The 
yarns are prevented from stretching by the matrix as much as expected by the loop 
geometry. During the deformation, the yarns displacement sheared the matrix which 
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may explain the stair-like stress-stretch curves (Fig. III–20) observed for reinforced 
compared to the smooth ones for the non-reinforced TPE (Fig. III–7). 
In terms of thermoforming simulation, one should use the data for pure shear and not 
for uniaxial traction as the latter does not represent the correct behavior. For all 
deformation, the fabric reinforcement improves the strain energy of the TPE. 
 
Figure III – 21PolyEster fabric reinforced TPE, Nominal Stress (MPa) Vs. Equivalent stress (%) 
for biaxial, various loading orientation in uniaxial and pure shear deformation. 
 
Another point to consider is the polymer matrices which cannot be inflated 
such TPO. Indeed, as explained in III.2.1, we were not able to inflate TPO disks. 
However, when PolyEster fabric reinforced, there is no early puncture of the TPO 
composite even if the deformations may be relatively small at low applied pressure. 
The stress-stretch curves of PE reinforced TPO are represented in Fig. III–22. We 
observe an immediate jump in both stretch and stress when the pressure is applied for 
150 °C. At that temperature we are close to the highest temperature transition (Tm), 
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the polymer matrix is then highly deformable at low pressure and the elastic modulus 
low. It is unexpected that the TPO matrix holds well larger pressures and do not 
puncture. Two notable gaps in mechanical properties are observed from 90 to 110 °C 
and 130 to 150 °C. 
 
 
Figure III – 22 PolyEster fabric reinforced TPO for various temperatures; maximum pressure 
applied 3 bars; Right: estimated uncertainty in %; Left: experimental data, Top: Stretch Vs. 
Applied Pressure in bar; Bottom: Nominal Stress in MPa Vs. Stretch. 
 
Lastly, we focus on the rupture mode. Unreinforced TPE bursts when the 
applied pressure is too high through a large hole at the pole. On the contrary, 
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reinforced TPE does not. At high pressure, the fabric reinforcement is not able to 
deform anymore and prevents further deformation of the sample. As a result, the 
sample does not burst as the TPE matrix located within the loop of the fabric 
punctures (Fig. III–23). Regarding the engineering point of view, it might a useful 
feature. The product would not burst and lose its integrity: the matrix would puncture 
before the item would overstretch. As a result, we may be able to target a maximum 
deformation during the manufacturing or the product service. 
 
Figure III – 23  PolyEster reinforced TPE, rupture mode Left: Punctured inflated Disk, side 
view; Right: Top view of the punctured zone.  
 
Regarding the thermoforming process, we found that the non-reinforced TPE is highly 
dependent on the TPE Tgs and Tms. On the contrary reinforced TPE deformations are 
ruled by the reinforcement. A notable observation is the close similarity between pure 
shear and biaxial inflation. A key point is now treated regarding the manufacturing of 
thermoformed products: the thickness distribution along the deformed zones of the 
product.   
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III – 2.3 Thickness Considerations 
One aim of the fabric reinforcement is to improve the quality of the formed 
part by diminishing the thickness distribution of the shaped composite. Indeed, one 
major issue of thermoformed parts is the poor thickness distribution. A simple 
example is the thickness distribution from the top to the bottom of blow-molded TPE 
bottles, some thickness profiles can be found in [Schmidt 1992]. We compare 
PolyEster (PE) fabric reinforced disks with non-reinforced TPE inflated on the biaxial 
rheometer facility. We particularly focus on the walewise and coursewise directions 
of the reinforcement (Fig. III–23): those main directions have quite different behavior 
regarding uniaxial loading. The same thickness distribution for both of them would 
suggest that their deformations are the same when subject to biaxial inflation. We also 
compare the PE fabric reinforced TPO with the reinforced TPE to deduce which one 
would be the best candidate to an industrial production. The thickness measurement is 
carried out on samples out of the biaxial rheometer to include the relaxation 
phenomenon of the matrix at room temperature after forming. We use a Hall Effect 
probe (Fig. III–24). A ferrous ball is displacing onto the surface of the sample, at each 
location the magnetic field between the probe and the ball is measured to deduce the 
local thickness. The main issue of such measurement is the inclination of the sample 
onto the probe. Indeed, a non-normal inclination influences the measure. We will 
therefore calculate the uncertainty of the presented results using a composed 
uncertainty. The measurements are repeated 10 times and averaged for each location. 
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Figure III – 24 Left: Hall Effect Probe MAGNA-MIKE 8000 OLYMPUS; Right: Top view of a 
PolyEster fabric reinforced TPE inflated disk, Walewise and Coursewise. 
 
The initial thicknesses of the disks and the measurement uncertainty estimation are 
reported in Appendix H. We point out that even non-deformed, the samples are not 
flat as the compression machine plates are not perfectly parallel. We first use several 
samples to deduce the maximum and minimum thicknesses. We do not expect 
uncertainty better than 5%. The uncertainties will be represented below. 
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Figure III – 25  Top: Thickness distribution in µm along the diameter for several inflated disks; 
Bottom: Thickness loss in % for several inflated disks: unreinforced TPE, PolyEster fabric 
reinforced TPE along Coursewise and Walewise and PolyEster fabric reinforced TPO. 
 
On Fig. III–25, first observe that the inflated TPE disk thickness is severely 
affected by the deformation even for relatively small deformations (1.25 1.30θθλ< < ). 
We measured a 50% loss at the top of the inflated disks. The second point is the same 
thickness distribution along the diameter for PE fabric reinforced TPE coursewise and 
walewise considering the uncertainty (Fig. III–26). It suggests that even if the yarn 
density along those directions is different, the resulting thicknesses are the same under 
130 
 
biaxial loading. It is enforced the experimental observed for linear (Fig. III–16) and 
fabric (Fig. III–21) reinforced stress-strain curves. Indeed for biaxial loading, 
anisotropic reinforcements may behave like isotropic ones. The thickness loss is 
highly reduced by the reinforcement: from 50% unreinforced to 25% for the fabric 
reinforced sample. The thermoforming of fabric reinforced plates should be favored 
regarding the quality of the final product. In our opinion, the thickness distribution 
improvement is a major advantage toward the fabric reinforcement. The reinforced 
TPO is found to have the lower thickness variation along the diameter: the worst 
thickness loss is about 8%. Different matrices have different performances. When 
reinforced, the TPO should be favored compared the TPE as the thickness loss is three 
time higher for the latter. 
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Figure III – 26 Estimated uncertainties for data presented in Fig. III–24. 
 
On Fig. III–26, we observe that the result uncertainty is included within the range of 
20 to 40 µm or for the thickness loss from 5 to 9%. It may seem large but the Hall 
Effect method is mainly used due to its simplicity not for its accuracy. Nevertheless, 
the thickness uncertainty is low enough to compare the different samples. The 
reinforcement is proven valuable regarding the thickness of thermoformed products. 
One should consider the high improvement due to the fabric reinforcement in term of 
thickness distribution for manufacturing. Moreover, knitted fabrics can be tailored to 
make it possible to develop knitted patterns that can be used to control final thickness 
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distributions in the formed part. An example of this is shown in Fig. III-27 for 
controlling corner thickness during forming of a long rectangular channel. 
  
Figure III- 27 Adapted from [Wang 2011] (a) Male Mold with three zones labeled  
(b) Corresponding fabric knitting pattern. 
 
From an engineering purpose, product thickness and dimensions should be predictable 
and modeled. We will now treat this point. 
 
Intermediate Conclusion 
In this chapter, the disk inflation facility has been presented. The inflated disk 
may be assimilated as spherical or as an ellipse. However, some variations regarding 
the stretch have been observed. Measurements of Biaxial deformations are leading to 
a large uncertainty. Real-time measurement using photo-mechanics and Real-time 
local thickness at the pole methods should be preferred due to the uncertainty 
considerations. Non-reinforced TPE stress-strain curves have been affected by the 
chemical behavior of the TPE. A notable point about the TPE is the cavitation process 
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lowering the stress at high applied pressures. The cavitation may arise from both poor 
mixing during the compression molding phase and the polymer chain linearity. Fabric 
reinforced TPE samples are found less impacted by the temperature. We note that in 
shear deformation, the reinforced TPE behaves like when inflated: the stress-strain 
curves are alike. A major improvement of fabric reinforcement has been found 
regarding the thickness distribution of the inflated samples. Lastly, we introduced 
hyperelasticity and presented several hyperelastic models. A direct stiffness matrix 
method has been used through a mass-spring assembly to model the contours. This 
method seems valuable due to its simplicity and its low cost in computation, although 
some departures from experimental data are expected for reinforced TPE. In the next 
chapter, we will first focus on improving the thermoforming process first through the 
IR heating and then through the deformation phase. The aim is to provide a better 
heating for a better deformation.  
 
IV IR Heating Phase during Thermoforming 
As presented in the first chapter, thermoforming is a two-step process. For 
quality purposes, both steps have to be studied. We presently focus on the repartition 
of IR radiations onto the plate. The energy losses due to reflection are considered, a 
reduction of the electrical power supplied to the emitters may be expected. We aim to 
control the heating parameters such as the emitter temperature, distance emitter-plate, 
emitter localizations… Both TPO and TPE based composites are presented.   
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IV – 1 IR Heating and Manufacturing Parameters  
IV – 1.1 IR Heating of Flexible Composites 
` We focus on the IR heating phase of the thermoforming process. The IR 
heating is primordial to ensure constant mechanical properties of the plate before 
deformation and a more homogeneous thickness of the thermoformed good. Another 
aspect is the heating parameter to provide the more efficient heating in terms of 
energy and costs. Using simulations, the heating parameters may be estimated and 
modified for these purposes. We introduce the absorption phenomenon and use an IR 
camera to compare the results of various heating parameters. Then the repartition of 
the non-reflected or useful radiative energy is investigated. Some simulations are run 
on various emitter-plate systems. 
 An incident radiation can be absorbed, transmitted or reflected (I –3.3). The 
absorption phenomenon is responsible for the composite heating. The absorption 
phenomenon of organic solids is directly related to the chemical composition of the 
considered solid. Indeed, infrared spectroscopy exploits the fact that molecules absorb 
specific frequencies that are characteristic of their structure. Matter interacts with 
electromagnetic radiations and spectroscopic techniques probe energy levels of atoms 
and macromolecules. For example atoms in a CH2 group, commonly found in 
thermoplastics, can vibrate in six different ways: symmetric and asymmetric 
stretching, scissoring, rocking, wagging and twisting (Fig. IV –1a). The vibrations of 
all molecules can be described in terms of independent motions such that for each 
motion the frequencies of vibration for all atoms are the same. These are the normal 
modes.  
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Figure IV – 1 IR radiation Absorption Phenomenon; (a) Vibrations of CH2 (b) Harmonic 
oscillator with a force constant k and two mass mA and mB. 
Let us consider a bond between two atoms A and B with respective mass Am  and Bm  
in planar stretching motion (Fig. IV –1b). The associated wavelength to the harmonic 
oscillator motion is: 
2* * * r
bond
m
c
k
ζ π=      (E.IV.1) 
with rm  the reduced mass for the system of masses Am  and Bm : 
*A B
r
A B
m m
m
m m
=
+
      (E.IV.2) 
 (E.IV.1) shows that the wavelength ζ  associated to a vibrational motion is 
only function of the masses of the atoms and the strength bondk  of the bond between 
them. Therefore, only the nature of the atoms involved in the bonding determines the 
wavelength of absorption through resonance. An IR spectrometer scans a wide range 
of wavelength and records the absorption bands. We use two sources (NIR, MIR) and 
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two detectors: InGaAs detector for a wavelength (µm) range [0.8; 1.7] and a DLatgs 
one for the range [1.5; 28].  
Fabric reinforced composites are sandwich-like (Fig. IV –2a), IR radiations are first 
reflected at the composite surface, then they are absorbed by the outer layer of matrix, 
the remaining radiation is transmitted to the fabric layer at core. Due to its thickness 
and its yarn density, the knit fabric lets less than 2 % of incident radiation to be 
transmitted (Fig. IV –2b), it is considered opaque. The TPE and TPO absorption 
spectra on represented respectively on Fig. IV –2 c and d. Once, the radiations 
reached the reinforcement, the temperature within the composite is homogenized 
through conduction. 
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Figure IV – 2 IR Heating of Flexible Composite (a) Schematic of sandwich-like heating (b) 
Transmittance of the fabric (%)  (c) Transmittance of TPE (d) Transmittance of TPO (ambient 
temperature). 
 
We observe that the transmittance or radiation fraction transmitted, is different 
for TPE and TPO. TPE transmits less radiation than TPO from 1 to 4 µm. On the 
contrary, TPE transmits more than TPO from 4 to 6 µm. Heating within those 
wavelength ranges for respective matrices would increase the radiative energy 
absorbed by the reinforcement and increase the resulting conduction from the fabric to 
the matrix layers. For a thick matrix layer, the radiations are totally absorbed and do 
not reach the fabric. It may lead at the plaque surface to excessive temperature and 
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cooler temperature at core. Impaired deformations are the expected during the 
deformation phase. 
The transmittance is function of the thickness: we recall from I –3.3 the relation: 
 
0
( )
exp( * )( )
tI K x
I ζ
ζ
ζ
= −
    (E.IV.3) 
with the monochromatic coefficient of absorption Kζ , the incident radiation intensity 
I0 and the transmitted intensity It at the considered wavelength ζ . 
 
Figure IV – 3 Coefficients of Absorption of TPE and TPO. 
 
The transmittance can be evaluated at any thickness of TPE and TPO by 
measurements at several thicknesses. We observe that Kζ  for TPE is higher than one 
for TPO. Phenomenon of absorption has been presented for sandwich-like structure. 
The heating is not only radiative but also through conduction once the radiations are 
absorbed. The resulting temperature can be observed through few techniques. The 
most common would be thermocouples. Thermocouples widely used for metallic 
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surface cannot be used for thermoplastic composites as the diffusivity of polymers is 
lower than the metal-based thermocouple one. The metal of the thermocouple will 
impose its temperature to polymers. The thermocouple measurement will not be 
reliable then as we will measure the thermocouple temperature in a thermoplastic 
environment and not the thermoplastic temperature. Therefore, we use an IR camera 
which monitors the composite surface temperature.  
 
IV – 1.2 IR Camera and Thermogram Acquisition 
IR cameras are useful to monitor the temperature on the composite surface during the 
heating phase. There are various cameras available on the market but in a schematic 
purpose, they all have the following components: 
• Objective lens usually in Germanium  
• Focalization Lens System to focus the radiations onto the detector 
• IR Detector usually quantum-based (InSb, HgCdTe, InGaAs,…) 
• Thermal Regulation System (Peltier effect, liquid nitrogen…) 
 
The objective lens transmits the IR radiations but not the radiations from visible. 
Only IR radiations present the information regarding the temperature. The 
focalization lens system conveys the IR radiations onto the detector. The IR detector 
discretizes the space seen into pixels and converts the radiations hitting on each pixel 
into an output voltage. Voltage information are then stored into a matrix for the 
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thermogram representation. The acquisition can be both scanning pixel by pixel or 
immediate (matrix detector). 
Before use, the camera is first calibrated with a black body (bb). The aim is to 
determine the relation 
voltagef  between the output voltage  BBV  and the surface 
temperature BBT  
1 ( )BB voltage BBT f V−=      (E.IV.4) 
The operator should then carry out a thermogram on the sample before heating to 
estimate the perturbation of the environment. The output voltage V  is function of the 
environment temperature envT . If the perturbation is too important, one should shield 
the object from surroundings. The measurement includes the atmosphere effect, the 
reflection onto a concave object and its own emission (Fig. IV –3).  
141 
 
 
Figure IV – 4 Thermogram Acquisition and Emissivity (a) Schematic of IR camera measurement 
(b) Copper plate uniformally heated [Gilbas 2012] (c) Copper plate thermograms [Gilbas 2012] 
for NIR. 
 
After integration over the wavelength, the output signal sV  for an object located a 
distance D from the camera is: 
( , )[ ( ) ( )]s atm atm BB obj envV T D V T V Tτ ε ρ= +                   (E.IV.5) 
For the measurement of objT , we need to know atmτ , BBV , envT , the emissivityε and ρ  
the reflection of the object over the atmosphere. Atmospheric perturbations are 
neglected at short distance (D < 5m); the transmittance of the atmosphere atmτ is close 
to 1, BBV  is known from the black-body calibration and envT from the thermogram at 
142 
 
ambient temperature. The emissivity of the target is primordial for accurate 
measurement. As shown on Fig. IV –4, a heated copper plate recovered with paint of 
various emissivities induces a measurement error on the thermogram; the uncertainty 
of measurement can be estimated from a calibration for various wavelengths. The 
hemispheric reflection and the emissivity are related to each other (E.I.20) and must 
be determined to use the IR camera on reinforced composites. 
  
IV – 1.3 Hemispheric Reflection and Emissivity of TPE and TPO 
In order to measure the emissivity, we use an Integrating Sphere device 
coupled with the IR spectrometer (Fig. IV –5). The aim of the device is to produce 
multi-reflected radiations. Incident radiations are reflected several times on the 
sample and the walls before hitting the detector. The output signal is the reflection 
spectra scanned on wavelength. It integers the behavior of the sample regarding the 
whole space.  
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Figure IV – 5  Integrating sphere device (a) Actual device (b) Raw schematic reflections: actual 
reflection pattern is more complex. 
 
The emissivity can be calculated from the hemispheric reflection. We recall from I – 3 
that the emissivity is function of the temperature and integrated over the wavelength: 
( )
( ) ( )
( )∫
∫
λ∆
λ
λ∆
λλ
λ
λε
=ε
dTL
dTLT
T
o
o
     (E.IV.6) 
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Figure IV – 6 Hemispheric Reflection Coefficient of TPE and TPO (ambient temperature). 
 
Hemispheric reflection spectra for TPE and TPO are represented on Fig. IV –6. We 
note that except for the short IR range, the reflection coefficient is fairly constant. 
After integration, we found εTPE=0.94; εTPO=0.93 although the emissivity changes 
with the temperature of the source. We are now able to use the camera to monitor the 
composite temperature during the heating.   
 
IV – 1.4 Thermograms and Reinforcement 
The use of an IR camera may point out the distribution of the term governing 
the effective radiative energy reaching the plate surface by monitoring the sample 
temperature surface. The thermograms presented are taken at 2 m from the heated 
plates and with an angle of 30° (Fig. IV -7). We used three tungsten wired short IR 
lamps (2*300 mm) at 2300 K evenly located (x = 65mm, 150 mm, 225 mm) over a 
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TPO plate (300*300 mm). The height from the plate to the emitters is 270 mm (Fig. 
IV –7b). We use an 18 emitter furnace, full description available in [Andrieu 2005]. 
The furnace working with nine emitters is shown on Fig. IV –7c. We use only three 
for the experimental heating of fabric reinforced composites. 
 
Figure IV – 7 Thermograms and IR Furnace (a) IR camera measurement; black: IR camera; 
white: sample  (b) Schematic for three Emitters (c) Nine Emitters curing a carbon reinforced 
epoxy thermoset. 
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We use a TPO plate (300*300 mm) to observe the repartition of temperature at 
the surface. The thermogram (Fig. IV –8) shows that the heating is strongly 
inhomogeneous. In the present configuration, we reach a plate temperature close to 
the forming temperature (130°C) after 150 seconds of heating. At that temperature, 
we observe a 30°C difference from the center of the plaque to the edges. It should 
lead to issue during the forming phase as the elastic modulus of the plaque varying 
with the distance from the plaque center. The soft center might puncture under applied 
pressure and/or the cooler zones might be less stretchable than the center. 
 
Figure IV – 8  Three lamp system; distance emitter-plaque 270 mm; 2300 K; 905 W;  Left: 
thermogram of TPO after 150 second of heating; Right top: average diagonal temperature profile 
after 150 seconds of heating Right bottom: average diagonal temperature difference for 150 
seconds of heating. 
 
A major point to observe is the non-uniformity of the incident radiations. The 
repartition of radiative energy leading to the heating is obvious on TPO (Fig. IV –8) 
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and TPE (Fig. IV –9) thermograms. This issue will be addressed in IV – 2. We point 
out that the plate temperature is fairly constant heated at 60-70 °C. However, at 
temperature close to 120 °C, we observe that the temperature profile along the plate 
diagonals is not constant. 
 
Figure IV – 9 Low temperature TPE (150x150 mm) thermograms (a) centered one emitter; 908 
W, 3 min heating (b) Three emitters system; 450 W each, 32 s of heating (c) Diagonal 
temperature profile; three emitter system; 908 W each , heating time of reinforced (73 s) and 
TPE (93 s) (d) Specific Heat in J.g-1.°C-1 exo down. 
For reliability and quality purposes, the IR heating phase should provide the 
most uniform plaque temperature for shorter heating time. We now observe the 
temperature profile along the diagonal for reinforced TPE and TPE plaques (Fig. IV –
9c). The first point to note is the heating time to reach the target temperature (around 
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120°C). The reinforcement for TPE decreases the heating from 93 s to 73 s to reach 
the target value. It is attributable to two factors. First, the PolyEster fibers have a 
lower specific heat and therefore lowered the overall composite specific heat. For the 
same thickness and heating, we expect the reinforced to be heated quicker than the 
TPE itself. We note that the glass specific heat is even lower than the polyester fibers. 
The glass fabric reinforcement would decrease more the heating time than the 
PolyEster reinforcement. 
We studied the absorbed part of the radiations. However, the radiations are also 
reflected at the surface. The reflected part is lost if not redirected with a reflector. For 
industrial and engineering purposes, the efficiency of the heating should be study 
because it is major importance for saving energy and money. 
 
IV – 2 IR Heating Efficiency 
IV – 2.1 Reflection and Surface Studies 
In this section, we mainly study the reflection coefficient ρ . Indeed, usually 
polymer processing studies focus on the absorption and tend to consider the reflection 
coefficient as constant. Even if for ceramics and metals it is proven that the reflection 
coefficient is not constant as experimentally observed in [Gilblas 2012] and 
references therein. The reflection is not only important to assure an even temperature 
of the polymer and therefore even elastic properties during the deformation phase of 
thermoforming, but also regarding the energy efficiency of the heating phase: the 
radiative energy reflected is lost. The reflection can be specular, diffuse or a 
combination (Fig. I.9). In the case of a specular surface, the reflection follows the 
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Snell-Descartes law; it is a mirror-like refection. Semi-diffuse reflection is 
represented on Fig. IV –10. 
The kind of reflection is directly linked to the surface topography. Indeed, if the 
wavelength is smaller than the surface relief, multiple reflections are occurring in the 
valleys and cliffs. On the contrary, if the wavelength is larger than the surface 
topography, a mirror-like specular reflection occurs. Most of the heating is carried out 
with short and medium IR ranges. The wavelength corresponding to maximum of 
emission depends on the emitter temperature (E.I.17). We use the rugosimeter used in 
II – 3.2 to observe the surface reliefs and point out the reflection kind. The probe 
accuracy is 0.3 µm for a resolution of 60 nm. 
 
Figure IV – 10  Reflection Type and Surface Study (a) Actual reflection (b) Multi-reflection 
inside a cavity (c) 3D surface TPE (d) 3D surface TPO. 
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The standard ISO 4287 is the most common standard quantifying topography. Several 
parameters can be used to define the surface roughness, we only focus on 4: 
• Ra :arithmetic average of the height 
• Rb : quadratic average of the height 
• Sa and Sq: arithmetic and quadratic average of the height incorporating 
a non-flat dependence. Those are usually smoothed using a least square 
method along the surface 
The experimental results are (averaged on N-S and W-E directions, 2x2 mm sample): 
Matrix / Parameters Ra Rq Sa smoothed Sq smoothed 
TPO (µm) 0.212 +/-0.038 0.300 +/- 0.075 0.276 0.397 
TPE (µm) 0.373 +/-0.055 0.502 +/- 0.119 0.674 0.959 
Table IV – 1 Surface Characterizations 
 
For both polymers, we expect diffuse reflection within the IR range. An 
interesting point to note regarding the IR heating is for TPE, the Sa-Ra and Sq-Rq 
values are not consistent: 3D and 2D measures differs only when the sample is not 
optically flat. Therefore, the heating of the TPE will be impacted by the optical non-
flatness surface as confirmed by the thermogram at the plate surface (Fig. IV –9). The 
reflection is between specular and diffuse. Those values are close for the TPO, the 
heating will not be impacted (III –3) and therefore will be depend on the radiative 
physics only (Fig. IV –8). 
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IV – 2.2 Bi-directional Reflection 
In the case of diffuse reflection, the coefficient of reflection is a function of the 
temperature, the wavelength, the incidence angle and the observation angle. One 
incident angle is reflected toward various reflection angles in the range of [0,
2
π ]. In 
order to account of this variation we use a mobile two-mirror reflectometer (Fig. IV –
11), the sample is located between the two mirrors. For each incidence angle, the aim 
is to scan all possible reflection angles. 
 
Figure IV – 11  (a) Schematic of incidence and reflection solid angles [Gilblas 2012]  (b) Actual 
device. 
 
Using Wien's displacement law, the temperature parameter is incorporated into the 
wavelength variable over [0.5*λmax; 5* λmax] so over 96.5% of the radiative energy 
through the emitter temperature. We note that we consider the reflection to be 
isotropic over the azimuthal angle φ, we only measure the variation over the polar 
angle θ.  
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The integration over the wavelength gives for a given emitter temperature: 
max
max
max
max
5* 0
5*
0.5* 0
0.5*
( , , , ) ( )( , , )
( )
i r
i r
T L T dT
L T d
λ
λ
λ
λ
λ
λ
ρ θ θ λ λ
ρ θ θ
λ
= ∫
∫
    (E.IV.7) 
We record for each reflection (θr) and incident (θi) angles the coefficient of reflection. 
As written above, after integration we are able to give a single value depending only 
on the considered angles at a given temperature. We integrate again over the 
reflection angle dimension for all wavelengths at ambient temperature. The 
experimental results (Fig. IV –12 crosses) are then analyzed using a least squares 
method based on 6th order polynomials (Fig. IV –12 full lines). The coefficients of 
these polynomials are stored into a matrix as input for later calculations. We used two 
references for the experimental results for the wavelength ranges from 0.8 to 1.3 µm 
and from 1.3 to 25 µm. We used for calibration a diffuse spectralon sample. Due to 
room issue regarding the detector, the incident angle is limited at 11°. For simulation 
purposes, we assume the values at 11° as constant values for any incidence angle 
below 11°.  
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Figure IV – 12  Average Reflection Coefficient after Integration over the Wavelength for TPO 
and TPE. Emitter temperature in K from bottom to top: 400; 600; 800; 1300; 1500; 2000; 2500;  
Average on 500 scans for each point at 16 cm-1 resolution over [0.5 * λmax; 5 * λmax]. 
 
The results shown in Fig. IV –12 demonstrate the strong dependency on the 
temperature emitter regardless of the angle of incidence for both elastomers. As 
expected for dielectric materials, the reflection coefficient minimum is found to be 
around 50˚. The temperature impact depends on the kind of polymers we use and is 
not directly linked to the incident angle. We also remark that the angle of incidence 
severely impacts the coefficient of reflection. Using an average of the reflection 
coefficient for "true" local temperature estimations of a heated plate seems poorly 
reliable. Indeed, both temperature and incidence angle induced variations are large. 
We point out that all the simulations given in this section are analytical. In order to 
reduce the computing time, commercial software such as COMSOL 
MULTIPHYSICS TM use constant parameters and do not take into account the 
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variations of the reflection coefficient both in incidence angle and emitter 
temperature.  
 
IV – 2.3 Radiation Loss during the Heating Phase 
The aim of this work is not to compete with such software in term of time 
efficiency. We focus on the improvement of the heating phase regarding the energy 
efficiency by adapting both the temperature and the location of emitters.  
 
Figure IV – 13 Heating System Schemes of a 300x300mm Plate; distance emitter-plate is 270 
mm ; (a) Centered tungsten wired emitter 2x300mm at 2300 K (b) Three tungsten wired emitters 
2x300mm at 2300 K, x = 65mm, 150 mm, 225 mm; (c) 300x300 mm Emitter facing  the plate at 
1300 K. 
 
We observe that the average angle of incidence is far from being homogeneous on 
Fig. IV –14.  
If we now look at the reflection coefficient over the surface as depicted on Fig. IV –
14, we also note that the term related to the reflection is not homogeneous. We 
observe that even if the average angles look similar at first sight for the three emitters 
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and the plate-plate system, the reflected fractions of the reflection are different in 
repartition. The most homogeneous reflection is obtained for the plate-plate system. 
Nevertheless, we note that more than 24 % is reflected for both heating. The 
efficiency seems to be poor in term of energy loss. 
 
Figure IV – 14  300x300 m2 TPE Plate; Left: Incident Angle in ° averaged; Right: Reflection 
Coefficient  
(a) Centered emitter system (b) Three emitter system (c) Plate-plate system. 
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The reflected radiations may be redirected toward the plate and be useful to 
the heating using diffuse reflector. In that case, the distance between the emitter and 
the reflector should the minimum as developed in IV –3. The reflection gives an idea 
of the heating efficiency; however it does not lead to the plate heating. We rather 
focus on the non-reflected fraction of the incident radiations or useful irradiance.  
IV – 3 IR Heating Parameters and Simulations 
IV – 3.1 Useful Irradiance  
The non-reflected or effective irradiance (E.I.6) usefulΦ  in W/m², reaching a 
point (X,Y) of a surface from a point (x,y) of an emitter of emissivity ε  can be 
written as: 
max
max
5*
0
0.5*
( ) * ( )*cos( )*(1 ( , ))* *useful i iT L T T d d
λ
λ
λ
ε θ ρ θ λ
Ω
Φ = − Ω∫ ∫   (E.IV.8) 
θi and Ω are only functions of the position (X,Y) of the plate and (x,y) of the emitting 
point. Therefore, we have to integrate over first dx*dy (emitter surface) and then over 
dX*dY (heated plate) to account on the full system.  The full term 
cos( )*(1 ( , ))i iTθ ρ θ−  representing the losses due to the θ  projection and the 
reflection is not homogeneous (Fig. IV –15). Even with a homogenous incident, the 
thickness distribution will not be optimum as the heating is strongly inhomogeneous 
and it will impair the deformation phase. The mechanical properties of the plate will 
not be even resulting in an inhomogeneous thickness of the thermoformed good.  
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Figure IV – 15 cos( )*(1 ( , ))i iTθ ρ θ− for TPE (a) Centered emitter system  
(b) Three emitters system (c) Plate-plate system. 
 
In order to calculate the non-reflected radiative flux, we define the solid angle. Let us 
now consider the solid angle term. The tungsten wired emitter may be simulated as a 
cylinder [Monteix 2001].  
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Figure IV – 16 Solid Angle determination [Guest 1960] (a) From a point at the base of the 
cylinder  (b) From a point along the cylinder. 
 
The solid angle Ω from the emitter toward plate point as described in Fig. IV –16 can 
be written [Guest 1960]: 
2 2 0.5
0
Ω(H,ρ) 2 * ( )H H S dϕ
ϒ
−= +∫      (E.IV.9) 
( ) ( )2 2 0.5S ρcos φ (1 )sinρ ϕ −= − −       (E.IV.10) 
where ϒ=arcsine (1/ρ). 
The solid angle over a plate of surface  is written using the notation in Fig. IV –
16: 
( )Ω H x,ρ r Ω(H x,ρ r)dxdy
Ω
system
x y
+ + + − +
=
∆ ∆
∬
   (E.IV.11) 
For radiosity based calculation, we need to determine the shape factor; it is equivalent 
to the solid angle but for radiosity calculation purposes. 
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We now define the shape factor F12 for a cylindrical emitter heating a plaque using the 
system and the reduced variables given on Fig. IV –17 in [Leuenberger 1957]: 
( )
( ) ( )
2 2 1
1
2 1
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0 1
11 4 cos
1 1 1 11 cos
2 1 2
1 sin 1
2
yy R v
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y R
y v y
π π π
−
−
−
    +
− + +    + −   = − −  −    + + − −      
∫
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22
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      (E.IV.13) 
 
Figure IV – 17 System considered with reduced variables, [Leuenberger 1957], x is reduced over 
t/2; the cylinder represents the tungsten filament. 
The non-reflected irradiances for the considered systems are represented on 
Fig. IV –18. The useful irradiance is higher for the plate-plate than in the three emitter 
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system. It is not surprising due to its large surface of emission. We observe some 
differences in the repartition of the heating energy:  the plate-plate is concentric-like 
whereas the three emitter system is hexagonal-like. The centered emitter is not 
providing a uniform heating and enough energy to be considered as heating system. 
For comparison purpose, we simulate the heating of TPE (Fig. IV –18b) with TPO 
(Fig. IV –18d) using the three emitter system. The first observation is the TPO would 
use on roughly speaking 100 W.m-2 more than the TPE. The shape of higher 
irradiance at the plate center is also different for TPE and TPO. 
 
Figure IV – 18 Non-Reflected Irradiance in W.m-2 for a distance emitter-plate of 270 mm; TPE 
plate (a) Centered Emitter, 2300 K (b) Three emitter system, 2300 K (c) Plate-plate system, 1300 
K; TPO plate (d) Three emitter system, 2300 K. 
161 
 
 
One should adapt the heating parameters when switching from one to another 
composite. The interesting point of simulating the useful irradiance is to find out the 
emitter locations and temperatures. We may aim both at the heating repartition and at 
lowering the heating cost. We first focus on the latter and investigate the relation 
between the distance plate-emitter and the electrical power consumed. 
 
IV – 3.2 IR Heating Parameters 
The common sense when setting up a heating device is an even localization of 
the emitters over the surface to get an even heating. However, experimental results 
applied to the above equation suggest that the resulting heating is not even. The 
present IR heating optimization involves the correct localization of emitter. 
Experimental studies and corresponding simulations have been considered such as the 
optimization of the couple temperature of emitter / distance to the plate. Indeed 
considering the Joule Effect in the tungsten wire, we are able to calibrate the 
temperature of emitter versus the power supply by measuring the electric resistance of 
the tungsten wire; the corresponding uncertainty is also investigated in [Monteix 
2001]: 
 
0 0
( ) ( )filament w filament
w
R T T
R
ρ
β
ρ
=
     (E.IV.14) 
with 0R  and ( )filamentR T  the resistances at ambient and at filament temperature, wβ  is 
the thermal coefficient of expansion and with 0ρ and ( )w filamentTρ  the tungsten 
resistivity at ambient and at filament temperature. We measure prior to the heating 
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phase, the intensity delivered as a function of the applied voltage. We recall that the 
electrical power is the product of each other. Using the Ohm’s law, we deduce the 
resistance for each applied electrical power (Fig. IV –19a). From there, we can 
calibrate the emitter temperature with the applied power (Fig. IV –19b). 
 
Figure IV – 19 Calibration of short IR Tungsten Wired Emitter. 
 
Regarding ceramic emitters, an IR camera must be used to deduce the 
temperature-power calibration. In this case, the emissivity of the ceramic has to be 
experimentally determined through the use of a reference which the emissivity has 
been known.  
For an actual industrial system in use, we are able then to deduce the relation between 
the temperature of emitter and the distance to the plate providing the same heating 
instead of calculating the effective irradiance.  
The radiance J of an emitter (W/m2) is a function of the square inverse 
distance between the emitter and the target. The relation between the effective out 
coming radiance from the nominal emitter radiance J1 and J2 at a distance d1 and d2 
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and of emitter temperature T1 and T2 considering a point (x,y) of the plate of surface S 
is then: 
 
1
2
1 1 1 22
2 2 2 1
(1 ( , , , ))* * ( )(1 ( , , , ))* *
d
d
x y T d J F d
x y T d J F d
ρ
ρ
−
=
−
    (E.IV.15) 
with 1dF and 2dF  the shape factors of the system for a distance emitter-plate of 1d  
and 2d . We aim to provide the same non-reflected irradiance iE  onto the composite 
for various distances emitter-surface id  at a temperature iT : 
2
i
i
i
IE
d
=
      (E.IV.16) 
with  
4
* * iiI Tε σ=       (E.IV.17) 
Two common cases we occur for an industrial production: the distance emitter-plate 
can be adjusted and/or the temperature of emitters may be modified. We focus on 
both cases. We want to provide: 
1 2
2 2
1 2
I I
d d
=
     (E.IV.18) 
We can impose a new temperature T2 for an actual system at T1, d1 and deduce the 
new distance d2.  
1
2
21 1 1
2 1
2 2 2
1 ( , , , )
* *( ) *( )
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=
−
    (E.IV.19) 
Or we can impose a new distance  to deduce the new temperature T2: 
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    (E.IV.20) 
Usually the coefficient of reflection is supposed independent of the emitter 
temperature and the incidence angle, in this case the equation becomes: 
1
2
2 42,  1
1
* * ( )dindep
d
FdT T
d F
=
     (E.IV.21) 
We propose to use the three lamp system used previously, the distance 
between the emitters and the plate is changing from 270 mm at 2300K (905 W) to 200 
mm. The temperature calculated for constant reflection coefficient is 2189 K (743 W). 
The optimum temperature of emitter to have the same effective heating is 2210 K 
(755 W). As represented on Fig. IV –20, the effective irradiances are close (<1% ) 
when the reflection of coefficient is temperature dependent. If the reflection 
coefficient is supposed constant (E.IV.21), we make a 21 K error on the emitter 
temperature and the radiative energy repartition hitting the receiver is altered: 
diminished by 100 W.m-2. The calculation based on the irradiance and the predictions 
based on the radiance are consistent. In term of energy efficiency, we are able to save 
15% of the electrical power input. 
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Figure IV – 20 Effective Irradiance in W/m2 for the given three lamp system with TPO; CPU 2.5 
GHz, RAM 4 GB, computation time 358 s each, 9x104 nodes , εtungsten=0.35; (a) Initial heating with 
true reflection coefficient at 270 mm (b) Calculated with true reflection coefficient at 200 mm  
(barely distinguishable from a) (c) Calculated with constant reflection coefficient at 200 mm 
(same repartition but lower values than a). 
 
As a conclusion, we are able to optimize the heating of a surface by 
considering the couple angle of incidence and temperature of emitter. The reflection 
coefficient should not be considered constant for proper simulations. From various 
simulations, we note that calculations over various temperature ranges is more 
computation time consuming than increasing the number of emitters with the same 
temperature. In order to increase the calculation time efficiency, all emitters should 
have the same temperature for a large number of emitters.  
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IV – 3.3 Emitter Location Optimization  
The emitter locations may be optimized using an objective function which is 
minimized. The objective function can be used to improve several quantities 
[Bordival 2009]. Presently, we focus on the uniformity of the useful irradiance at the 
plate surface. For a fixed emitter-plate distance, we are looking for the emitter 
positions of a three emitter system. In order to lower the computation cost, one may 
only consider the symmetry of the plate and only use the diagonal as data to be 
optimized. Indeed, using the diagonals only enables to run the optimization with 
lumped matrices which lowers the time of computation. Lumped matrices only use 
the memory for the diagonal data points; the rest of the matrix is not expressed and 
not taking any memory. The optimization function uniformf  is the average root square 
difference in the projected reflection coefficient along the diagonal: 
( ) ( ) ( ) ( ) 2
2
( , ) ( , )
( , )
2
( , cos( , ) 1, 1 cos( 1, 1 ))
plate plate
n
ij
uniform
i j x y
f i i j i j i j i jj
n
ρ θ θ
δ
ρ− − − − −
∀ ∈
=
− ∑
 (E.IV.22) 
where ijδ  is Kronecker delta function.  
On Fig. IV –21, we can observe the improvement of the useful irradiance. However, 
is has to be noted that the overall value is diminishing. Indeed, we choose an 
optimization function focusing on the repartition of the non-reflected radiation only. 
In case one aims at having a compromise between the highest useful irradiance and 
the most uniform repartition, one may define a function optimizing the irradiance 
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highestf and take the average function objf  of the two elementary functions [Bordival 
2010] respectively highestf  and uniformf : 
0.5* 0.5*obj highest uniformf f f= +
    (E.IV.23) 
 
Figure IV – 21 Non-reflected Irradiance (W.m-2), TPE; (a) Three emitter system (b) Most 
uniform useful irradiance optimized. 
 
For engineering purposes, we should be able to determinate the temperature of sample 
during the heating phase [Wang 2003]. Usually, some finite elements are involved in 
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the simulations. We therefore present the finite element method applied to 
thermoforming. Some examples will be presented regarding the knit fabric 
reinforcement and the composite deformations. 
 
Intermediate Conclusion 
 
The heating phase during the thermoforming has been the main topic of this 
chapter. The aim was to promote a better heating to allow the best conditions for the 
deformation phase. The absorption phenomenon is directly given from the matrix 
chemical structure. The fabric is opaque and absorbs all radiations reaching its 
surface. The reinforcement is found useful as it reduces the heating time due to a 
lower specific heat. It also homogenized the composite temperature surface due to 
transverse conduction within the composite. Although, the knit reinforcement is an 
asset regarding the heating phase, the latter may be optimized. The energy efficiency 
regarding the temperature and the localization of emitters has been studied. The same 
heating may be achieved at lower power consumption by diminishing the distance 
emitter-plate. The reflected radiations are function of both the incident angle and the 
emitter temperature. Optimization function methods have been introduced. Such 
functions are convenient as they may be used to optimize different physical quantities 
and may be combined to account on different purposes. The IR heating is primordial 
for a homogeneous deformation. The resulting thickness repartition is also a function 
of the surface temperature repartition as the latter is the driver of the composite elastic 
homogeneity. Nevertheless for processing and quality purposes, the deformation 
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phase of thermoforming should be studied. In particular, deformation modeling would 
be useful for actual production engineering.   
 
V Hyperelasticity, Elements and Numerical 
Simulations 
 
Elastomer deformations may be characterized through hyperelasticity. 
Although mass-spring simulations are easy to set up and to perform, Finite Element 
(FE) simulations are widely used in physics. We aim to introduce FEs applied for knit 
reinforced composites. Hyperelastic models may be used for simulation purposes. 
Both TPE and TPO will be simulated for uniaxial and biaxial deformations. The knit 
reinforcement will be investigated through a hexagonal-based FE model. We 
previously depicted the influence of the matrix-fabric interface on the stretchability of 
the composite. We will propose a cloth-like simulation to incorporate the interface 
and the resulting anisotropic deformation ratios. The latter are responsible for rupture 
mechanisms. 
 
V – 1 Modeling Characterizations  
 
Elasticity is a key point for thermoforming. It can be treated using statistics 
distribution and/or potential (Gaussian, Lennard-Jones, Langevin…) but also 
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generalized for continuum mechanic purposes. For the latter, hyperelastic laws are 
used and will be developed. Simple mass-spring based simulations can be useful. 
V – 1.1 Constrained Langevin’s Potential based Mechanics 
We want to be able to simulate the deformation of the inflated disk as this out-
of-plan deformation is close to the actual forming process. There are several ways to 
achieve such simulations. A simple one is the use of a hyperelastic model which does 
not account of the strain-rate during the deformation and is relatively easy to 
implement. In order to present some hyperelastic models, we first focus on polymer 
elasticity from which hyperelastic models are derived. The actual models will be 
treated in V – 1.3 and some resulting simulations will be presented in V –2 along the 
computing method. 
In the Gaussian treatment, the structure is assumed to be randomly-oriented long 
molecular chains. The distribution of the end-to-end length r of a chain is given by 
P(r): 
3 2
22
2 2
3 3( ) 4 ( ) exp( )
2 2
rP r r
nl nl
π
π
= −    (E.V.1) 
where n is the number of links in the chain and l is the length of each link. The 
average initial chain length L0 is given by the root mean-square value of r: 
     (E.I.2) 
As long as the chain length r does not approach its fully extended length nl (r << nl), 
the configurational entropy is not major driver. Therefore, the elastic strain energy 
function W can be expressed: 
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2 2 2
1 2 3
1 ( 3)
2
W NkT λ λ λ= + + −    (E.V.2) 
where N is the number of chains, λi the principal stretch in the i direction and T the 
temperature. We point out for deeper analysis that the dilation factor 
2
2
0
r
r
 is 
supposed to equal one: the mean square length for stretched 2r and relaxed 20r  
chains is supposed to be the same. In addition, it has also been shown that the 
crosslink density has an impact on the elasticity of polymers through swelling 
experiments. Nevertheless, it is beyond the scope of the present work and one may 
refer to [Dusek 1969, Sperling 2006] and references therein. 
At deformation where r begins to approach nl, the non-Gaussian nature of the chain 
stretch must be taken into account. Usually, the configurational entropy is involved 
from 0.4r
nl
≥  (Flory’s radius), we use then a Langevin’s distribution L : 
1
coth ( )r L
nl
β β
β
= − =     (E.V.3) 
with 
1( )rL
nl
β −=       (E.V.4) 
In order to incorporate the individual chain statistics into a constitutive 
framework; it is necessary to define a model that relates the chain stretch of individual 
chains to the applied deformation through a network structure (Fig. V-1) relevant 
volume or unit cell.  
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Figure V – 1 Unit Cell Representation (a) 3-chain model (b) 4-chain model (c) 8-chain model (d) 
full network model; Each model is depicted in its undeformed state, in uniaxial tension and in 
equI –biaxial tension [Treolar 1975]. 
The 3-chain model can be written as the sum of the three chain contributions in the 
principal stretches (Fig. V-1): 
1
1 1
1
2
3 2 2
2
3
3 3
3
ln( )
sinh
ln( )
3 sinh
ln( )
sinh
ch
n
NkTW n n
n
β
λ β
β
β
λ β
β
β
λ β
β
 
+ + 
 
 
= + + 
 
 
+ 
 
    (E.V.5) 
In the 4-chain model, the unit cell is tetrahedron (Fig. V-1b), the structure 
provides a more cooperative deformation than the 3-chain model. The chains are 
linked within a right tetrahedron. The chains deform accordingly with the interior 
junction displacing with a non-affine manner until the equilibrium is satisfied. 
Therefore, the relationship between the stretches of the individual chain and the 
network stretch has to be obtained iteratively to reach equilibrium; the strain energy 
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function is non-trivial and is expressed with an algorithm. The algorithm function is 
not provided here. As seen on Fig. V-1c in the 8-chain unit cell, the chains are located 
along the diagonals of the cell and deform with the cell. Due to symmetry of the chain 
structure, the interior junction point remains centrally located. We can express the 
stretch of the network from the principal stretches of chains as: 
1
22 2 2
1 2 3
1 ( )
3chain
λ λ λ λ = + +  
    (E.V.6) 
The resulting strain function is: 
8 ln( )
sinh
chain
ch chain chain
chain
W NkT n n βλ β
β
 
= + 
 
   (E.V.7) 
Flory and Erman [Flory 1982] proposed to model the 3D network of chains through 
the chain junction point constraints. Indeed, a phantom characteristic via interaction 
among the other chains is added to the constrained Langevin’s potential model and 
the strain energy function is then written: 
intFE phantom constraW W W= +     (E.V.8) 
where the phantom contribution is expressed as: 
2 2 2
1 2 3
1 3
2phantom
W kTξ λ λ λ = + + −      (E.V.9) 
The contribution uses Gaussian statistics and only differs from the Gaussian model 
(E.I.58) by the parameterξ : 
2(1 )Nξ
φ
= −       (E.V.10) 
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where φ  is the number of chains at the junction points (Fig. V-1).The system 
constraint contribution to strain function is expressed as: 
[ ]int
1 ln( 1) ln( 1)
2constra i i i ii
W NkT B D B D= + − + − +∑   (E.V.11) 
where 
2 2 2 2 2( 1)( )i i iB κ λ λ κ −= − −     (E.V.12) 
and 
2 1
i i iD Bλ κ
−=       (E.V.13) 
κ  is a measure of the constraint strengths which depends on the sizes of the free 
(phantom) and the actual constrained fluctuations. In case κ  tends to infinity, the 
junctions are completely constrained, if κ tends to zero the fluctuations only depend 
on the chain interactions with other chains (phantom). The presented models have 
been developed and improved regarding the continuum mechanics point of view.  
  
V – 1.2 Invariant-Based Continuum Mechanics:  Hyperelastic Models 
We presently introduce hyperelastic models which will be used to simulate 
deformations. Rubber elasticity is usually treated using the continuum mechanics for 
an isotropic, hyperelastic material. The strain energy density then depends on stretch 
through one up to three invariants iI of the stretch tensor: 
2 2 2
1 1 2 3I λ λ λ= + +      (E.V.14) 
2 2 2 2 2 2
2 1 2 2 3 1 3I λ λ λ λ λ λ= + +     (E.V.15) 
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2 2 2
3 1 2 3I λ λ λ=       (E.V.16) 
As presented in Chapter I, elastomers may be considered as incompressible, therefore 
the third invariant of the stretch tensor 3I  is constant and equals to 1. The stress-strain 
relation can be expressed through the strain energy density function W (Table V-1). 
Deformations Invariants Stress-Strain Relation 
Uniaxial Extension 
2
1 2
2
; 3u u
u
I Iλ λ
λ
= + =  3
1 2
12(1 )( )u
u
W WS
I I
λ
λ
∂ ∂
= − +
∂ ∂
 
Pure Shear 
2
1 2 2
11ps
ps
I I λ
λ
= = + +
 3
1 2
12( )( )ps
ps
W WS
I I
λ
λ
∂ ∂
= − +
∂ ∂
 
Biaxial Extension 
2 4
1 24 2
1 22 ;b b
b b
I Iλ λ
λ λ
= + = +  5
1 2
12( )( )b
b
W WS
I I
λ
λ
∂ ∂
= − +
∂ ∂
 
Table V – 1  Invariants and Stress-Strain relations for uniaxial, pure shear and equibiaxial 
deformations. 
We point out the following equivalence between the 8-chain unit cell and the first 
invariant is by definition: 
1
3chain
I
λ =
      (E.V.17) 
The 8-chain model has been written by Arruda and Boyce [Arruda 1993] using a 
polynomial form as: 
2 3 4
1 1 1 12 3
1 1 11 19( 3) ( 9) ( 27) ( 81) ...
2 20 1050 7000AB
W NkT I I I I
n n n
 = − + − + − + − +  
 (E.V.18) 
There are more common models used in continuum mechanics, we review several 
potential models suitable for simulations. From chapter I, we recall the Neo-Hookean 
model: 
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1
1 ( 3)
2NH
W NkT I= −      (E.V.19) 
where 1
2
NkT  is a material constant and labeled as 10C . 
Mooney and Rivlin [Mooney 1940] determined an expression for the strain energy 
function assuming that it would provide a constant modulus in shear. The popularity 
of the so-called Mooney-Rivlin model is due to its ability to catch the deviation from 
the Neo-Hookean model in uniaxial traction by adding the contribution of the second 
invariant: 
01 2( 3)MR NHW W C I= + −     (E.V.20) 
where 01C  is a material constant which represents the non-Gaussian or Langevin’s 
potential dependency, the phantom interaction and junction constraint behaviors of 
the chains forming the network. Contrary of 10C , 01C is not linearly temperature 
dependent as free volume driven. 
Other approaches have been proposed to account on the departure from the Neo-
Hookean model. Yeoh [Yeoh 1993] remarking that the first invariant has the strongest 
impact on the deformation used a higher order of 1I : 
2 3
10 1 20 1 30 1( 3) ( 3) ( 3)YeohW C I C I C I= − + − + −   (E.V.21) 
where the 0iC  are materials constants. 
Another model omitting the second invariant is the so-called Van der waals model 
used in [Rachik 2001]: 
177 
 
3
2 1 232( 3)(log(1 ) ) ( )
3 2Vdw m
IW aµ λ η η
 −
= − − − + − 
 
  (E.V.22) 
with 
1
1 23( )
3m
I
η
λ
−
=
−
      (E.V.23) 
µ , mλ and a are material constants. 
Strain energy density functions based on the principal stretches have also been 
proposed opposed to the stretch invariants. Valanis and Landel proposed a model 
based on the sum of experimental values obtained for the three principal stretches 
[Valanis 1967]. A simpler and widely used model is the so-called Ogden model 
[Ogden 1972]: 
1 2 3( 3)n n nnOgden
n n
W α α αµ λ λ λ
α
= + + −∑    (E.V.24) 
where nµ and nα  are material constants, n is the order of the Ogden model. One might 
choose to increase n in order to achieve a better fit of experimental data. However, 
improved results are not always guarantied as shown on Fig. V-2 for non-reinforced 
TPE and TPO uniaxial extensions. 
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Figure V – 2 Qualitative Ogden model Fitting Nominal Stress (MPa) Vs. Strain for TPE (top) and 
TPO (bottom)  in uniaxial traction (red and blue lines) at 25 mm/min, Black lines are 
experimental data, ANSYS solver ; Left: Second order model; Right: Third order model.  
 
Fig. V-2 depicts a notable point: TPO curves are poorly fitted due to the yielding 
point and the sample necking. Indeed, this point from which the sample necks can be 
estimated through Eyring’s theory described in chapter II. Nevertheless, the fall of 
nominal stress due to the section increases cannot be modeled using hyperelastic 
models. One might use a hyperelastic model up to the yielding point, beyond a 
discontinuity occurs. It leads to stability issues for simulation based on hyperelastic 
models [Payne 2013]. TPE modeling is easier as no discontinuity is expected. 
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Simulations of the stress-strain curves for non-reinforced TPE in pure shear and 
biaxial extensions are represented in Fig. V-3. 
We chose to use the Mooney Rivlin model due to its simplicity and its performance to 
model the stress-strain curves (Fig. V-3) of PE fabric reinforced TPE. Although, all 
the presented models above can be used to model and simulate deformations. 
 
Figure V – 3  PE fabric Reinforced TPE for Pure Shear and Biaxial Stress-Strain modeled using 
Mooney Rivlin model. 
 
V – 1.3 Hyperelastic Model based Mass-Spring Simulations 
From the engineering point of view, representations of the manufactured 
goods are a powerful tool to design and estimate the forming parameters. Finite 
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Element simulations (FE) are usually used to represent and estimate the processed 
shape of products [Boisse 2010]. However, FE is costly in terms of computing time 
and requires some particular knowledge to handle element assemblies. We propose to 
use a mass-spring assembly to model the inflated disks. FE method will be fully 
developed in V – 2 and some results will be presented. For increasing applied 
pressures, we record the heights of the inflated disk and the corresponding stretches 
and applied pressures. This procedure might be useful for fabric reinforcement as the 
uniaxial extension measurements are different from the biaxial inflation. This would 
be a pre-requise for more complex simulations of the deformation processes. In order 
to model the inflated disk, FE simulations are not necessary due to the symmetry of 
revolution and the boundary conditions: we will use a simple mass-spring assembly 
instead. We now introduce the direct stiffness method using mass-spring assemblies. 
The global nodal forces F
 
and the global nodal displacements d
 
are related through 
the stiffness matrix K : 
F Kd=
     (E.V.25) 
In an expanded form for n nodes in a 3D referential of (x,y,z) coordinates: 
1 11 12 1 1
1 21 22 2 1
1 2
x n x
y n y
nz n n nn nz
F K K K d
F K K K d
F K K K d
     
     
    =                
K
K
M M M M
K
   (E.V.26) 
In term of notation, letters without ^ represent the global-coordinate system (x,y,z). 
For an element, we locally use the local nodal forces 
^
f  and the local nodal 
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displacements 
^
d  are related through the stiffness matrix 
^
k  using the local-coordinate 
system (
^
x ,
^
y ,
^
z ). 
 
Figure V – 4 [Logan 2007]  Left: global (x,y,z) and local (
^
x ,
^
y ,
^
z ) coordinate system; Right: 
Linear spring subjected to linear force f . 
 
We use the direct equilibrium approach for a one-dimensional linear spring: 
the spring obeys the Hooke’s law and resists forces only in the direction of the spring. 
The spring deformation is linear. The rest distance or initial distance between two 
adjacent nodes can be written L as represented on Fig. V-4. The applied tension f  
directed along the spring axial direction may result from the action of adjacent 
springs. The spring constant or stiffness is denoted springk  between the nodes 1 and 2. 
The local displacements 
^
1xd and 
^
2xd are called degrees of freedom at each nodes. If 
the displacements are not linear, shape functions can be applied to reflect the 
geometry of the element. We will address this point V – 2.2. Presently, we do not use 
shape functions as there could not be needed to represent an inflated membrane due to 
the symmetry of revolution. 
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The total elongation of the spring (Fig. V-4 right) δ is: 
^ ^
2 1x xd dδ = −      (E.V.27) 
We point out that 
^
1xd
 
is a negative value as the direction of displacement is opposite 
to the positive 
^
x
 
direction. For a spring element, we can relate the force in the spring 
directly to the deformation; as such the strain/displacement relationship is not needed. 
The stress/strain relation can be written as the force/deformation as: 
^ ^
2 1( )spring x xf k d d= −      (E.V.28) 
Springs usually share nodes. At those particular nodes, we apply the continuity or 
compatibility requirement. Let us take for example a two spring system with a 
common node 3 (Fig. V-5). The continuity implies to respect the following equation 
for the elements (1) and (2): 
(1) (2)^ ^
3 3 3x x xd d d= =      (E.V.29) 
 
Figure V – 5 Two spring system with sign convention [Logan 2007]. 
 
The global stiffness matrix is based on proper superposition of the individual element 
stiffness matrices making up the structure as historically introduced in [Turner 1956, 
Martin 1966]. For the two spring system, we have the global stiffness matrix written: 
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1 1
2 2
1 2 1` 2
0
0
k k
K k k
k k k k
− 
 = − 
 − − + 
    (E.V.30) 
with for the element (1): 
1 3
(1) 1
1
3
1 1
1 1
x xd d
x
x
d
k k
d
− 
=  − 
     (E.V.31) 
and for the element (2) 
3 2
(2) 3
2
2
1 1
1 1
x xd d
x
x
d
k k
d
− 
=  − 
    (E.V.32) 
For N elements, the stiffness matrix is: 
( )
1
N
e
e
K k
=
=∑       (E.V.33) 
where ∑sign used in this context does not imply a simple summation of element 
matrices but rather denotes that these element matrices must be assembled properly 
according to the direct stiffness method and the system. The resolution of the system 
may be done using Kramer’s inversion rule. Complex and/or imposed boundary 
conditions and/or displacements may be imposed through the penalty method. 
Regarding the disk inflation, boundary condition implementation is straightforward as 
the disk is clamped on the boundary edge; a penalty method or equivalent is not 
needed for now and will be developed in the chapter IV. We just point out that a 
penalty method is costly regarding the computation cost [Baudet 2009]; we will then 
introduce a more efficient alternative procedure. The basics of the direct stiffness 
method have been introduced. We now focus on the nodal applied forces by the input 
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pressure during the inflation. When using finite element method, the nodal force is 
usually calculated through multiplying the pressure by the area of surrounding 
elements as reviewed in [Goldenthal 2010] and references therein. In our case, we use 
the local stretch to weight the initial surface of the elements. The correction function 
( )
area
f h
 regarding the area of elements at a height h is simply the distance between 
two consecutive nodes divided by the initial distance or rest length: 
( )( ) ( 0)area
d hf h
d h
=
=
     (E.V.34) 
We note that the correction function is always greater than 1 as there is 
inflation and locally a spring is not allowed to compression. In addition as observed in 
III.2.3, the thickness variation only depends on the height of the considered node: the 
polymer is incompressible therefore, the local area of elements are directly related to 
the local thickness. Experimentally, it has been observed that the inflated disk can be 
assimilated as several adjacent tores stretching at different heights (Fig. V-6a) using 
real time measurement: photo-mechanic measurements through stereo-correlation 
methodology are described in [Garcia 2001] and references therein. The schematic of 
the local force applied due to the pressure is depicted in Fig. V-6b. The resulting force 
from the pressure is always oriented normal to the contour. For each iteration, the 
local force resulting from the pressure is projected. 
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Figure V – 6 (a) Real time experiments on Vulcanized rubber (b) Schematic of the mass-spring 
function correlation; the force resulting from the pressure must be projected. 
 
Although we use a specific spring stiffness springk at each node, the components of the 
stiffness matrix are updated using the considered hyperelestic model at each iteration. 
Indeed for two successive iterations, the strain is modified and the stress gradient 
relative to the strain is modified; the overall stress-strain is not linear. Consequently, 
the iteration step in strain must be small to account on the non-linearity of the stress-
strain relation. As shown in V – 1.3, the best fits are obtained for the modified 
Mooney-Rivlin model. We only use this model but all presented models can be used. 
Some simulation results are represented in Fig. V-7 for non-reinforced TPE inflated 
disks. For increasing pressures, we record the heights and the corresponding stretches 
of the inflated disks. 
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Figure V –  7 Non-reinforced TPE, Direct stiffness method simulation using a modified Mooney-
Rivlin Hyperelastic model (E.III.43) Left: Simulated (blue crosses) and Experimental Curve (red 
curve) inflated height in mm Vs. Stretch; Right: Simulated inflated contours in mm, applied 
pressure from 0.1 up to 1 bar.  
 
On Fig. V-7, we observe that the heights of the inflated disks are correctly predicted 
from the respective stretch and applied pressure values even if at higher pressures the 
predicted heights is higher than expected. In addition, we also find that the contours 
regarding the applied pressures (Fig. V-8) are suitable for simulation purposes. We 
note that the experimental contours are given with a 5-10 % uncertainty which may 
induce a better fit than expected. In addition, the extracted contour does not include 
the part hidden by the clamping system; an offset of 1.6 mm is expected to the data 
presented. Nevertheless, one can at low computation cost provides relatively good 
agreement with experimental contours.  
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Figure V – 8 Non-reinforced TPE, Simulated (blue crosses) and Experimental (red curve) 
inflated contour in mm, experimental data are given with a 5-10 % uncertainty, offset of 1.6 mm  
due to the clamping system not added to the data. 
However, results for reinforced TPE regarding the applied pressure are less accurate 
although especially at higher pressures although the prediction regarding the stretch is 
still performing (Fig. V-9).  
 
Figure V – 9 PE fabric reinforced TPE, Direct stiffness method simulation using a modified 
Mooney-Rivlin Hyperelastic model (E.III.43) Left: Simulated (blue crosses) and Experimental 
Curve (red curve) inflated height in mm Vs. Stretch; Right: Simulated inflated contours in mm, 
applied pressure from 0 up to 2.8 bar.  
188 
 
We note that the modified direct stiffness method can achieve fairly close results. 
Moreover, it has to be stressed out that using the height and not the nodal surrounding 
area to calculate the force applied on each node; we induce errors as the force is 
calculated from the pressure times the nodal area which is approximated by the spring 
length ratio. FE discretization may improve the accuracy at nodes at the area 
surrounding a node is specifically treated.     
V – 2 Finite Element Simulations  
V – 2.1 FE Composite Simulations 
Usually, FE (finite element) simulations aim at reproducing the stress-strain 
behaviors regarding a specific loading. Three scales can be used regarding the size of 
the Relevant Volume Element (RVE) [Boisse 2010, Van Der Broucke 2010]: 
• micro-level: few micrometers [Durville 2010] 
• meso-level: few millimeters 
• macro-scale: few centimeters to few decimeters as the scale can vary for the 
item modeled. 
In this study, we focus on the meso-level. Most simulations regarding non-flexible or 
low flexibility composites first characterize experimentally the reinforcement and the 
matrix phases separately; both layers are then linked to move together during the 
simulation. A common method used for analyzing composite forming processes, uses 
so-called kinematic models, which are particularly useful for simulating draping in 
fabric woven reinforced composite reinforcements. The fiber distribution of a fabric 
cloth is predicted on a given geometry based on a pin jointed net assumption: fishnet 
algorithm (Fig. V–10). The fishnet algorithms can be found under several forms but 
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they always find the properties of a node from the properties of the neighboring 
nodes. The fibers in this case are assumed to be inextensible.  
 
Figure V – 10 Usual Fishnet Simulation Routine on Fabrics [Cherouat 2010]. 
 
The fishnet algorithms have two major drawbacks for the simulation of knitted 
materials. First, they do not account for the mechanical history of the fabric and 
second, cannot predict the deformation locking effects of knitted fabrics when large 
deformations occur. Regarding our highly flexible systems, such a two layer approach 
cannot be successful, as the matrix prevents significant loop displacements and 
therefore changes the reinforcement mechanical properties. The stress-strain relation 
of the composite is not a sum of two matrix layer and a reinforcement layer. Both 
uniaxial and pure shear deformations are found to have higher stress at any strain than 
expected from independent layers (Fig. II–8). Simulation results based on the matrix 
and the reinforcement mechanical properties alone. The mechanical properties then 
have to be altered in order to provide accurate results (Fig. II–8).  
We should use experimental results on the reinforced composites only to calibrate the 
RVE properties. The second drawback is that geometrical draping does not take into 
account the other boundary conditions that would affect the deformation of the fabric. 
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In our case, the RVE should exhibit a critical stretch, i.e., a stretch beyond which the 
loops lock and the stiffness suddenly increases. For uniaxial traction, the loading is 
imposed on the clamp array of RVEs. The critical stretch enables, after a few 
iterations, mechanical properties representing the full sample by successive array 
displacements (more explanation below). The loop deformations are then collective as 
most of the RVE reached the critical stretch. 
The last main issue is how to assign appropriate mechanical properties to the yarns. 
Indeed, the stress-strain behavior can be addressed using one or two angles with 
respect to a fabric reference axis, [Jauffres 2010, Van Der Broucke 2010]. In this 
study, we specify coursewise as one of the axis of reference. Stress-strain curves can 
be then determined by knowing the angle with respect to the coursewise direction for 
all nodes.  
 
V – 2.2 Finite Element 
The spring assemblies can be constrained to a certain structure (Fig. IV –23) or 
finite element. It has to be duplicated to form the sample geometry. The first 
difference with the direct stiffness method presented in III –3.3 is the constraint of 
each individual spring forming an element. Indeed, the compatibility requirement 
(E.III.54) imposes a constraint on each node forming the element. We use a 
displacement function which is determined by the shape of the element (Fig. V-11). 
The most common are triangle and quad meshes. An example of yarn quad mesh 
discretization is depicted in Fig. V-11c: the relevant volume is chosen as 300x300 
µm, 65 fibers (20 µm diameter) per yarn randomly dispersed and the yarn diameter as 
234 µm (Appendix E). We represented the yarn impregnation of TPE during 
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compression molding. The yarn is initially filled with air, and then a TPE melt is 
pushed inward at constant temperature and pressure. Results can be found in 
Appendix I.  
The mesh is fine enough to simulate the TPE flow among fibers and adapted at the 
junction of on different zones. 
 
Figure V – 11 Discretization in FE (a) Simple triangle element (2D) (b) Plate discretized into 
triangle elements [Logan 2007]  (c) Left: Yarn schematic  for compression molding; Red: inflow 
of polymer, Green: outflow of air/polymer mixture Right: Fine quad mesh  close up. 
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Each node shows two degrees of freedom in planar deformation. The element 
displacement function { }ϕ  is expressed through a linear displacement: 
{ } 1 2 3
4 6 6
( , )
( , )
n
n
u x y a a x a y
v x y a a x a y
ϕ
+ +   
= =   
+ +   
    (E.V.35) 
where nu  and nv  are the displacement functions at the node n along x and y axis, the 
a’s are constant. In order to determine the a’s, we set a coefficient matrix: 
i j m j m j i m i m m i j i j
i j m j m i m i j
i m j j i m m j i
x y y x y x x y x y y x
y y y y y y
x x x x x x
α α α
β β β
γ γ γ
= − = − = −
= − = − = −
= − = − = −
   
 (E.V.36) 
The a’s are then expressed: 
1
2
3
1
2
i j m i
i j m j
i j m m
a u
a u
A
a u
α α α
β β β
γ γ γ
    
    =    
        
     (E.V.37) 
4
5
6
1
2
i j m i
i j m j
i j m m
a v
a v
A
a v
α α α
β β β
γ γ γ
    
    =    
        
    (E.V.38) 
with A the area of the element. 
Finally, an elegant way to define the displacement matrix { }d  is: 
{ } [ ]{ }N dϕ =      (E.V.39) 
with 
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{ } i i j j m m
i i j j m m
N u N u N u
N v N v N v
ϕ
+ + 
=  + + 
    (E.V.40) 
and 
1 ( )
2
1 ( )
2
1 ( )
2
i i i i
j j j j
m m m m
N x y
A
N x y
A
N x y
A
α β γ
α β γ
α β γ
= + +
= + +
= + +
    (E.V.41) 
The displacement field for FE is determined. However as developed in III.3 for the 
direct method stiffness, we need a relation between the force and the displacement. 
Hyperelastic models are one way of relating the stress and the strain. We will first 
perform hyperelastic-based FE simulation on the matrix, then on the fabric and the 
flexible composite without using hyperelastic models.  
V – 2.3 Hyperelastic Based Simulations 
The TPE (Thermoplastic Elastomer) matrix can be modeled with the following 
hyperelastic models using ANSYS for both uniaxial traction (Fig. V-12) and biaxial 
inflation (Fig. V-13): using either Mooney-Rivlin (E.V.20) or Ogden (E.V.24) 
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models. 
 
Figure V – 12 Uniaxial traction, hyperelastic models (a) Initial and deformed shape, 3 mm 
triangular elements (b) Mooney-Rivlin, FE in red  (c) Ogden,  FE in red.  
 
We observe that the FE simulations for uniaxial traction match the experimental data. 
However, for biaxial inflation deformation, we have higher than expected values (Fig. 
V –13) at first. Considering the cavitation process (III –1.2) of the TPE in biaxial 
deformation and the resulting lower stress experimentally observed, the simulations 
seems corrects. 
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Figure V – 13 TPE Biaxialdeformation, hyperelastic models ambient temperature, FE: 2mm 
triangles; 1110 nodes; 50 mm diameter,  thickness: 0.375 mm; stress applied: 0.5 bar (a) Inflated 
shape (b) Height in mm Top: Mooney-Rivlin; Bottom: Ogden (c) Resulting contours. 
 
The TPE matrix has been simulated using hyperelastic models. However, the 
fabric reinforcement deformation depends on the strain rate. Therefore, hyperelastic 
models do not seems relevant to relate the stress with the strain during loading. 
Instead, we use a mass-spring stiffness method; springs are shaped into a diamond 
shape. 
V – 2.4 Knit Fabric and Composite Simulations 
We propose to use the software developed in [Bekisli 2010] based on 
hexagonal-grid finite elements in order to model both the fabric and reinforced 
composites regarding the three deformations of primary interest: uniaxial, pure shear 
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and bi-axial inflation. It supposes a hexagonal shaped mesh of spring elements (Fig. 
V-14) as it is a close geometrical approximation of the actual fabric loop shapes. 
 
Figure V – 14 Fabric Hexagonal-based Simulation [Bekisli 2010] (a) FE element generation (b) 
Actual fabric.  
 
The method to solve the resulting non-linear displacement system is Newton-
Raphson method in its exact form. We first calculate raw data for the string a, b, d and 
their respective critical stretches (δa, δb, δd) constituting the FE (Fig. V-15). We use a 
set of equations listed in [Bekisli 2010]. Please refer to the reference for additional 
information as the determination of the equations is not straightforward.  
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Figure V – 15 FE Stiffness Constant Determination [Bekisli 2010] (a) Uniaxial loading coursewise 
(b) Uniaxial loading walewise (c) Pure shear loading coursewise (d) Pure shear loading walewise.    
 
We have due to geometric constraints the following equations: 
( ) 12 2acosb
W
α+ =      (E.V.42) 
( ) ( ) 1asin dsin
C
α β+ =     (E.V.43) 
( )acos ( )dcosα β=      (E.V.44) 
As the FEs must realistically represent the loop deformations, we have for uniaxial 
traction considering the maximum loop extension coursewise (Fig. V-15a) and 
walewise (Fig. V-15b): 
( ),
2( ) 1
2(acos α b)uni course
b b d dCS δ δ+ + += −
+
   (E.V.45) 
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( ),
1
asin ( )uni wale
a a d dCS
dsinn
δ δ
α β
+ + +
= −
+
   (E.V.46) 
 
For convenient purposes we set the variable s as: 
( )acoss bα δ= −      (E.V.47) 
The hexagonal FE must also account on pure shear deformations in order to fully 
address the fabric mechanical behavior. At maximum loop extension, we have for 
pure shear coursewise (Fig. V-15c) and walewise (Fig. V-15d): 
( ),
2( ) 1
2(acos α b)PS course
b b sCS δ+ += −
+
  
  (E.V.48) 
and  
( )
2 2 2 2
,
( ) ( ) 1
asin α dsin(β)PS wale
a a s d d sCS δ δ+ − + + −= −
+
   (E.V.49) 
We have 7 variables (a, b, d, δa, δb, δd, α and β) to define for only 5 equations. 
Indeed, 
,PS waleCS  and ,PS courseCS are experimentally found the same (Fig. II –1129); the 
two equations E.V.48 and E.V.49 combine then to form only one equation. In this 
case, a least square method cannot solve a 7 variable system with only 5 equations. 
We choose to set α and β as equal and run a least square method to determine 
unknowns (Fig. V-16). It results that several sets of data can be solution of the system. 
We modify those values in order to find a particular data set which fits the 
experimental data. The string lengths for a, b and d are kept at the calculated lengths 
although the critical stretches must be adapted.  
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Figure V – 16 Actual Assigned Spring Force-Displacement Properties.  
 
The primary simulations need much improvement, but are fairly close to experimental 
data regarding uniaxial traction coursewise (Fig. V-17a), walewise (Fig. IV-17b) and 
in pure shear coursewise (Fig. IV-17c). We point out that the spring constant 
determination is empirical; we propose a solution based on experimental raw data in 
the next section: the spring force constants and displacements are measured and not 
calculated. 
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Figure V – 17 Simulation Results using the Hexagonal Cell Model (a) Uniaxial traction 
coursewise  
(b) Uniaxial traction walewise (c) Pure shear coursewise (d) Pure shear walewise. 
 
Regarding the composite simulation, we could not carry out performing 
simulation when adding a TPE layer to the fabric. We found that the reinforcement 
rules the deformation despite any thicknesses of TPE layer added. The resulting 
composite stress-strain curves present a critical stretch which is not experimentally 
observed. We use a membrane FE simulation and treat the composite as a 
homogeneous material, the membrane is depicted on Fig. V-13. The FE simulation 
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aims to represent the biaxial inflation (Fig. V-18). As expected from the Mooney-
Rivlin plots (V-2.3), the uniaxial traction constants are not probing whereas the ones 
from the biaxial deformation show good agreement with the experimental contours.  
 
Figure V – 18 FE Simulations and Issues (a) FE simulation of reinforced TPE for biaxial inflation 
using MR model: Traction: C10= 0.173; C01=1.173; Biaxial Inflation: C10= 0.173; C01=2.073 (b) 
Bus discretized into several square feet FE, roof loading [Logan 2007]  (b) Schematic of FE 
accuracy.    
 
One should not use stress-strain curve data in uniaxial traction to simulate out-of-plan 
deformations. 
At 100% strain due to uniaxial traction in the walewise direction, the FE simulation 
(Fig. V-17) with 40,690 nodes, takes 29 minutes to perform using the ANSYS solver 
with CPU 2*2.5 GHz, 32 Gb RAM.  For large thermoformed products such as car 
parts (Fig. V-18), the computation requires very large FE models that would be 
prohibitively expensive to solve using the direct Newton-Raphson method.  
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The issue of large FE models, is the accuracy of the simulation; it is well known that 
the size of FE alters the results. One may face a dilemma: keep the FE small enough 
to ensure a valid result while keeping the number of nodes as small as possible to 
ensure a reasonable computation time. The other issue would also be the deformation 
ratios of the final product. Indeed, we were only able to carry out simulations using an 
homogeneous membrane which does not represent the real sandwich-like structure. 
Therefore, some issues regarding the deformations in space are expected. We 
investigate an alternative method to solve FE deformations at lower cost in the next 
section.  
 
V – 3 Cloth-like Simulations and Poisson’s Ratio 
V – 3.1 Spatial Discretization 
FE simulations are based on continuity functions which may result in 
complicated non-linear systems to solve. On the contrary, cloth-like simulations were 
and are still used in chemistry or polymer engineering under the label of Molecular 
Dynamic simulations. The latter simulations are easier to set-up and to perform due to 
the flexibility of solving methods. Various physical quantities can be studied or 
constrained such as energy, deformation, stress, specific mass… Regarding FE 
simulations at the micro-level, large-scale simulations can be limited due to computer 
capacities. At a multi-level, several software running in parallel are needed to 
simulate the geometric modeling of the fabric RVE, then the conversion into a FE 
pre-processor, assignation of the yarn properties from the fibers using mixing 
formula, homogenization of RVE and coupling between of the draping results with 
the homogenized mechanical properties [Boisse 2010]. That computation is far 
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beyond our computation capacity. We will use an alternative method based on square 
mesh draping represented on Fig V-19. Interestingly, this is an approach originally 
developed to realistically model polymer chains and later cloth in video simulations 
for games that needed to generate realistic clothing movements [Goldenthal 2010, 
Ozgen 2011]. It is also used in robotic models [Baraff 1998], in continuum mechanics 
[Bourguignon 2003, Delingette 2008, Baudet 2009] and in medical application for 
real time interactive 3D surgery [Casson 2000, Paloc 2003, Bourguignon 2003] . 
 
Figure V – 19 Left: Square Draping Proposed [Provot 1995]  Left: Spring system to model the 
fabric. 
We consider for the red node (i,j) represented on Fig. IV –31 right the following 
iterative constraint satisfactions in the orthogonal coordinate system the three spring 
linking masses: 
• Structural or extensional springs in green 
• Shear springs in yellow 
• Flexion springs in blue 
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Pure deformations can be performed with all springs are active during the 
deformation. The geometry is then kept by elementary constraints on length: 
• Under traction or compression, only the structural springs are constrained 
• Under simple shear, only the shear springs are constrained 
• Under pure flexion, only the flexion springs are constrained 
The constraints impose equal length for springs of the same kind at each node (i,j). A 
usual 3D deformation can always be described as a sum of those fundamental 
deformations. The main advantage of such a structure is to deduce the resulting force 
at each node (i,j) from the overall force applied to sample. We can use both the 
symmetry of the mesh and the Poisson’s ratio (E.I.34) [Volino 2007, Baudet 2009] 
without using a Van Gelder’s method [Gelder 1998, Lloyd 2007, Delingette 2008] 
(hyperelastic approach) assuming a St. Venant-Kirchoff material [Delinguette 2008] 
which is only solved if the Poisson’s ratio  equals 0.3 or equals to 0.  
V – 3.2 Stress and Time Discretization 
We assume that the material is homogeneous and linear elastic. The material is 
homogenous as fibers escaping the yarns are incorporated within the matrix during the 
compression molding phase as experimentally observed at the interface (Fig. II-17). 
As a result, the material deforms as a whole until the rupture mode. The linearity is 
experimentally verified considering the orientation toward the coursewise (Fig. V-20) 
for strain beyond 5-10 %. It has to be noted that this point will be developed 
considering the Poisson’s ratio in V –3.5.  
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Figure V – 20 Reinforced TPE (a) Stress-Strain curve; various orientation (b) Non-orthogonal 
coordinate system [Jauffres 2010] (c) Stress in MPa as a function of the orientation in ˚ and the 
strain in % (d) Strain in % as a function of the orientation in ˚ and the  normalized stress in %. 
 
The linearity issue is related to the anisotropy of the reinforcement. In order to 
consider the actual deformation we need to apply a local coordinate system at the 
node level. We define two angles θ and ψ in the orthogonal system (Fig. V–20b) at 
each node to allow the conversion of coordinates from the global to the local systems 
using the tensor P: 
cos( ) sin( )
cos( ) sin( )P
ψ ψ
ψ θ ψ θ
 
=  + + 
     (E.V.50) 
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The stress σ and strain ε in the orthogonal system are then related into the non-
orthogonal system with the stress  and the strain  by the tensor T [Jauffres 2010]: 
. Tσ σ= %
      (E.V.51) 
. 
TTε ε= %       (E.V.52) 
with 
( )
( )
( ) ( ) ( )
2 2
2 2
cos ( ) cos ( ) 2sin cos( )
sin ( ) sin ( ) 2sin sin( )
sin cos( ) sin cos( ) sin 2
T
ψ ψ θ ψ ψ θ
ψ ψ θ ψ ψ θ
ψ ψ ψ θ ψ θ ψ θ
 + +
 
= + + 
 + + + 
 (E.V.53) 
The components of the Jacobian are numerically determined using the pre-calculated 
map for the strain and the stress (Fig. V-20 c and d). 
As the forces are defined, we now focus on the time discretization. Several methods 
are available. The easiest one is the sympletic forward-Euler method: 
( ) ( ) ( )1 ( )v t t v t tM f x t−+∆ = +∆r r r     (E.V.54) 
and 
( ) ( ) ( )x t t x t v t t+∆ = + ∆r r r      (E.V.55) 
where , and  are respectively the position, velocity vectors and the 
forces at the time t and the position . M is the mass matrix.  should be small for 
stability and is the increment on time. Explicit methods are not proven useful when 
dealing with stiff equations [Wacker 2005, Goldenthal 2010] and therefore should not 
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be used as long as collisions are not considered. Another alternative is the Velocity 
Verlet algorithm or also called synchronized leapfrog integration: 
( ) ( ) ( ) ( ) 21
2
x t t x t v t t a t t+ ∆ = + ∆ + ∆
r r r r
   (E.V.56) 
and 
( ) ( ) ( ) ( )1 ( )
2
v t t v t a t a t t t+ ∆ = + + + ∆ ∆
r r r r
   (E.V.57) 
The local error in position is  and in velocity is . The Verlet method 
would be a potential candidate regarding the stability and the accuracy. However, we 
want to model very large samples which involve at least a few hundred thousand 
nodes. The Verlet integration results in solving for the grid constraints a non-linear 
system of equation [Goldenthal 2010] usually done with a Newton’s method. 
Therefore, the computation cost of this technique is not suitable for our computational 
goals. 
We chose an implicit Euler time discretization: 
( ) ( ) ( )1 ( )v t t v t tM f x t t−+∆ = +∆ +∆r r r    (E.V.58) 
and 
( ) ( ) ( )x t t x t v t t t+∆ = + +∆ ∆r r r     (E.V.59) 
This method is stable for all the time increment. In addition, it enables to solve 
linearly the constraint system unlike the Verlet. With this method at first sight, we 
have to solve a non-linear system of equations for each time step. This makes the 
evaluating of a single time step more expensive. The motivation to use an implicit 
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method is that for stiff equations we can chose much larger time steps, thus lowering 
the overall simulation time. In terms of accuracy, we could have chosen the implicit 
mid-point as it is one of the most accurate methods [Wacker 2005], but we should 
reserve the mid-point step for collision treatment, such as occurs with a plug (Fig. I –
3) for plug assisted thermoforming. 
As the time discretization is chosen, we now focus on the constraints which are used 
to solve the non-linear system introduced by the implicit method. We propose an 
Implicit Constraint Direction (ICD) technique. The system becomes: 
( ) ( ) ( ) ( ) ( ) ( )1( ( ( ) ( )Tv t t v t tM U x t C x t t t t f x tλ−+ ∆ = + ∆ ∇ +∇ + ∆ + ∆ +r r r r    
(E.V.60) 
( ) ( ) ( )x t t x t v t t t+∆ = + +∆ ∆r r r    (E.V.61) 
and    ( )( ) 0C x t t+∆ =r      
 (E.V.62) 
 where U is the internal energy, λ is the Lagrange multiplier and C the constraint. 
 
V – 3.3 ICD and Fast Projection Method 
The ICD needs to be fully addressed. Let us set a constraint such as a 
maximum length L that can be written for a quad edge (Xa, Xb) as: 
( )
2
, 0
2 2
b a
a b
X X LC X X
L
−
= − =     (E.V.63) 
The corresponding gradient with respect to Xb is: 
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   ( ),
b
b a
X a b
X XC X X
L
−
∇ =     
 (E.V.64) 
We define the position at the end of an unconstrained step :  
( ) ( ) ( ) ( )( )2 10 ( )x t t x t v t t t t M U x t−+∆ = + +∆ ∆ −∆ ∇
r r r
   (E.V.65) 
and the correction to apply  
( ) ( ) ( )0x t t x t t x t tδ +∆ = +∆ − +∆
r r r
     (E.V.66) 
The residual of the discretization is: 
( ) ( )( ) ( ) ( ) ( )2 1,  ( ( )TF x t t t t x t t t M C x t t t tδ δλ δ λ−+ ∆ + ∆ = + ∆ +∆ ∇ + ∆ + ∆r r r        
(E.V.67) 
F measures the deviation of the trajectory away from that given by the constraint 
forces; C measures the deviation from the constraint manifold. 
The residual is solved using a Fast Projection method fully described in [Goldenthal 
2010, Ozgen 2011]; the corresponding algorithm can be found in appendix J. 
The corresponding force  for a constraint C(  is: 
( ) ( )Tj j jf x C x δλ= ∇       (E.V.68) 
The main difference between the Fast Projection methods compared with the Newton-
Raphson method is depicted on Fig. V-21. 
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Figure V – 21 Solving Displacement (a) One time step : Newton-Raphson method from A to the 
solution B4 , four substeps are needed [Bekisli 2010]  (b) Three time steps: Fast Projection 
method from x0 to x1, x1 to x2 and from x2 to x3 along a trajectory M [Hairer 2000].  
 
The Newton-Raphson method for one time step involves several substeps: at each 
substep the tangent line is used to increment the next displacement substep. The time 
increment is completed when the residual is smaller than the criterion. Alternatively, 
the Fast Projection method uses a large but inaccurate step defined by the Lagrange 
multiplier, the inaccurate position is then corrected by a projection onto the trajectory 
using substeps solving the residual through constraints. For one time step, the overall 
number of substeps is therefore smaller than the one needed through the Newton-
Raphson method although the accuracy is usually better using the latter. Some 
additional information may be found in [Hairer 2000, Goldenthal 2010]. We note that 
the force still remains in O( ), the fast projection has the same accuracy magnitude 
of a Verlet step solved by Newton’s method.  
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However, it has to be noted that we add a constraint on the nodes neighboring edges 
to avoid “super-elastic” effect as reported in [Provot 1995]. Indeed, those particular 
nodes are allowed and tend to over-stretched and therefore promote instability which 
spreads to the whole mesh along the time steps. A particularly harsh constraint has to 
be applied to the rows close to the edges clamped or not for visual representations. 
Both element area constraint and element edge extension constraint have been used 
[Baraff 1998, Delingette 2008].  
Examples of simulation are depicted in Fig. V-22 [Baudet 2009]. The forces at each 
node are calculated to ensure a correct deformation in lengths. The Poisson’s ratio 
(E.I.34) has been used to figure out the allowed deformations for a cubic unit. The 
constraints and the resulting forces are only correctives to keep the Poisson’s ratio. 
We note that for a fine mesh the results are for constrained length models are similar 
to the ones obtained with a FE solver through the Newton-Raphson method. 
For planar deformations, the displacement matrix [ ]D  can be written using the 
Poisson’s ratio υand the elastic modulus E [Logan 2007]: 
1 0
[ ] 1 0(1 )(1 2 )
1 20 0
2
ED
υ υ
υ υ
υ υ
υ
 
 −
 
= − + −  −
 
 
     (E.V.69) 
The resulting force applied to each node (i,j) can be written [Baudet 2009] for a force 
F applied to a plate: 
,
(1 3 )
8i j
iFf j
υ−
=      (E.V.70) 
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Out of plane deformations are more complex as several mass-spring elements can be 
defined, please refer to [Bourguignon 2003, Baudet 2009] for more information. 
 
 
Figure V – 22 Deformations using constrained lengths through the Poisson’s ratio [Baudet 2009] 
for various meshes; FE simulations in color; Meshes represent the ICD simulations. 
 
The 3D deformation can be done using the upgrade on hexagonal meshes developed 
in [Bourguignon 2003, Baudet 2009]. The next step would be the detection of 
collision and the collision treatment. Several methods for detection have been 
published [Provot 1995, Baraff 1998, Muller 2006, Goldenthal 2010]. A method 
based on barycenter fully described in [Bridson 2002] and modified in [Muller 2006] 
seems promising due to its simplicity and its linear system. The collision is treated as 
an impulse determined by . Finally, the velocity updating is done explicitly at 
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the mid-step  by marching forward in order to avoid a non-linear system to solve. 
The stability criterion on the time step is then: 
( ) 1
max
a
t
v
λ
∂
∆ <
∂
       (E.V.71) 
Presently, we only focus to determine the deformation ratios of the composites. The 
aim would be to use the experimental stress-strain data (Fig. V-20) considering a plate 
deformed in uniaxial extension to point out the Poisson’s ratio. Indeed, the 
deformation ratios are responsible for reinforced composite ruptures. We first 
introduce the notion of rupture in knit reinforced composites from the literature. 
Secondly, the Poisson’s ratio is studied for a TPE reinforced plate. 
V – 3.4 Rupture of Fabric Reinforced Composites  
The rupture process of a fabric reinforced composite in traction follows 4 steps 
[Araujo 2003a]. Those steps are depicted on Fig. V-23. During a uniaxial traction, the 
induced damages can be monitored [Ramak 1994]. Firstly, the deformation is elastic 
and linear. Secondly, the loss of linearity is due to micro-cracks and to local 
decohesions between the matrix and the fabric which usually occur at the crossing of 
the loops. The third step is observable on Fig. I –25, the small oscillations on the 
stress-strain curve correspond to the crack propagations in matrix-rich zones where 
the fibers only hold the stress resulting usually in a perpendicular rupture plan toward 
the traction direction. Lastly, the stress is redistributed along the fibers and the sample 
eventually breaks. 
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Figure V – 23 Steps of Deformation of a Weft-knitted Reinforced Composite by Analysing the 
Load-extension Curve [Araujo 2003a]. 
 
As said in I–5.4, the deformation of fabrics is anisotropic. Therefore, it is fairly 
understandable that the mechanisms of rupture also depend on the orientation of 
solicitation. 
Upon the direction of the applied stress; the rupture occurs at different locations on 
the fabric (Fig. V–24). Solicitations toward the direction 0 lead to rupture at the top of 
the loops. Considering the 90 orientation, the rupture happens along the bottom of 
loops. Both the 0 and 90 directions lead to a perpendicular rupture plan toward the 
applied force axis. However, a 45 oriented stress results in a 45 oriented rupture plan. 
The rupture process in this case involves the same propagation mechanism as 
observed for a 90 orientation stress.  
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Figure V – 24 Typical Rupture of a Fabric Reinforced Composite [Zhang 2001]. 
 
Knitted fabrics fundamentals have been introduced. The deformation behavior will be 
particularly studied. The relation among knitting pattern, yarn diameter and the nature 
fibers seems also a valuable point to investigate for mechanical purposes. 
 
V – 3.5 Poisson’s Coefficient and Fabric Reinforced Composite  
We propose to use a constrained quad mesh. The constraints in length are 
represented with different colors in Fig. V –25. The idea is first to point out the 
feasibility of the method using only experimental data (Fig. V –20) for calibration.  
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Figure V – 25 Quad mesh with constraints (a) FE with constraints in length in colors, the same 
color implies an equal lengths (b) Element in uniaxial traction [Baudet 2009] (c) Initial and 
deformed shape, quad FE simulation at 40 % strain on ANSYSTM. 
 
The second point is to deduce the deformation ratio at the knit fabric 
reinforced plate center. Indeed, the Poisson’s ratio (E.I.34) does not seem to be 
applicable for knit reinforced materials as the strain toward the thickness (z axis) is 
limited by the non-ability of the fabric to thinning during a x-axis extension. As the 
matrix is an elastomer the volume plate is supposed conserved, the deformation 
towards the x axis is compensated mostly with the deformation toward the y axis (Fig. 
I –17). Usually, the aim of cloth-like simulations is to use the Poisson’s ratio to model 
the mechanical behavior of surface. Presently, we use the inverse procedure: we first 
model a cell to get the correct the stress-strain curve to deduce the deformation ratios. 
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Figure V – 26 Reinforced TPE Flate Plate in Uniaxial Extension, blue: simulation using quad edge 
elements, ICD; red: experimental 100*20 mm plate at 10 mm/min.  
 
We chose to use a simple geometry first to ensure the reliability of the quad edge 
mesh. A flat plate of reinforced TPE is loaded in uniaxial traction. The stress-strain 
curves of the simulation are compared with the experimental data (Fig. V-26). We 
observe that the quad mesh using experimental data allows a close simulation of the 
stress-strain curves for a planar deformation. The other point to be noted is the low 
cost of the simulation: at 120 % strain, 4 minutes are needed for the linear simulation 
of 20,000 nodes using the MATLAB solver with CPU 2.5 GHz, 4 Gb RAM. The ICD 
time integration is valuable in terms of cost for large scale simulation compared to FE 
simulation (V–2.4). 
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Figure V – 27  Poisson’s Coefficient Considerations for an X-axis Extension (a) Y over X-axis 
deformation (b) Z over X-axis deformation.  
 
Regarding the deformations, we observe that the deformations in space are not 
equivalent (Fig. V-27). For the first 5-10 % of strain, the sample extension is 
compensated along the thickness direction. It has to be noted that within this range, 
the stress is found induced by the matrix only (Fig. V-27a). Therefore, it seems that at 
small extension the matrix layer is thinning. From 10 % strain, the compensation of 
volume is done though the width reduction. The sample then is barely thinning.  
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Intermediate Conclusion 
We focus on the deformation phase. We introduced finite element method for  
simulation purposes. Using hyperelastic models, we are able to model the TPE and 
TPO deformations for uniaxial, pure shear and biaxial inflation with close match to 
experimental data. Then we presented a FE model developed in [Bekisli 2010] based 
on hexagonal repetitive units. The system of equations to calibrate the springs’ force-
displacement curves has been solved and some simulations were run. The model can 
give good agreement with experimental data except in pure shear walewise, for which 
the strain is underestimated. 
Finally, the cohesion between the matrix and reinforcement affects the 
composite mechanical properties: it is not simply a sum of each component. We chose 
to present a cloth technology simulation. The main aim of such model is to avoid non-
linear equation system to be solved. The cloth model is much faster in term of cost as 
the forces are deduced from the Poisson’s ratio and not deduced form a non-linear 
system. For planar extension, an indirect method was used with experimental data, the 
orientation toward coursewise is taken into account. The resulting deformation ratios 
over the 3D space have been depicted. The Poisson’s ratio notion is not applicable for 
fabric reinforced composite as the deformations are anisotropic. Cloth-like 
simulations might be an asset if developed as they are low cost to compute. They may 
be used along more usual FE simulations to study unusual behaviors and materials.  
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Discussion and Conclusion 
 
A feasibility study of fabric reinforcement applied to thermoforming has been 
presented. The matrices used were thermoplastic elastomers: Thermoplastic 
Elastomer (TPE) and Thermoplastic Olefin (TPO). They differ from regular 
vulcanized natural rubbers as the polymer chains are linear. It results into cavitation 
phenomenon which lowers the expected stress at considered strain. It seems that 
compression molding also affects the mechanical properties of TPE sheets as it does 
not provide a good mixing of melt pellets due to the melt rotationless. Some weak 
pellet boundaries are then observed at low strain rate on few samples. A conventional 
compression molding of sandwich-like structure (matrix-reinforcement-matrix) is not 
suitable for flexible composite. The aim regarding flexible composites is to have a 
loose interface; the reinforcement should not be refrained from stretching. In order to 
increase to stretchability of reinforced materials, we lubricate the fabric before the 
plate forming through compression molding. The results show that lubrication only 
does not improved much the stretches to rupture; on the contrary the stresses to 
rupture are lowered. The latter arises from the fact that lubrication prevents fiber to be 
incorporated into the matrix; they will not rupture during the deformation. Regarding 
the stretchability, the yarn even lubricated are bedded onto the matrix topography and 
as such refrained from stretching. As a conclusion, we point out that to improve 
reinforced material stretchability the matrix layers in contact with the fabric should 
not have any “cliff and valley” topography resulting from the compression molding 
phase. Therefore, direct compression molding of a sandwich-like structure should be 
avoided for stretchability concerns. The induced fiber impregnations and surface 
matrix topography prevent the fabric from stretching and therefore reduce the 
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composite stretchability. A proposed alternative would be to add a flexible layer 
between the matrix and the fabric which has a higher Tg or Tm. Polyamide films 
would be potential candidates. Nevertheless, some issues regarding the adhesion 
between the film and the matrix will arise. Another alternative would be to form 
composite plate through plate extrusion in rubbery state. However, the thermoforming 
temperature at core should be carefully monitored then to avoid the matrix melting 
and the resulting fiber impregnations during thermoforming. It has to be stressed that 
this particular issue needs a dedicated study and should be treated specifically.  The 
interface between the matrix and the reinforcement is found to have a major influence 
on reinforced material mechanical properties.  
The fabric reinforcement is found anisotropic and highly dependent on the 
load orientation toward a fabric reference axis or coursewise. Fabric lubrication is 
found to decrease the force to rupture for all loading directions whereas the 
corresponding strains to rupture are not affected. Observations and comparisons with 
literature data for a jersey knit pattern are made regarding the relations among loop 
geometries, yarn diameters, fiber natures and mechanical properties. A major point of 
using knit fabric is that they can be tailored to adjust the desired properties such as the 
thickness or the deformations of the final product. We presently only compare data for 
a specific knit pattern: Jersey. Results regarding the loop geometry, yarn diameter and 
mechanical properties should be extended to various knit pattern.  
Reinforced materials in uniaxial traction and pure shear loading are behaving 
differently: the former is anisotropic and the latter is isotropic. Pure shear stress-strain 
curves are found close to the ones for biaxial inflation. One should use pure shear 
behavior for thermoforming deformation; uniaxial traction tests are not representative 
of thermoforming. Non-reinforced biaxial stress-strain curves are highly dependent on 
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the polymer chemical state or free volume changes. The fabric reinforcement prevents 
such dependency and should be used in case variations are not acceptable. 
Hyperelastic models have been introduced and may provide simple and useful 
characterizations for simulation purposes. However, it has to be noted that 
hyperelastic models does not account on the strain rate whereas fabric reinforcements 
are strain-rate dependent. The fabric loop deformations depend on the ability of the 
yarns to stretch; it rules the reinforced composite stress-strain relation.   
IR heating during thermoforming can be optimized through objective 
functions. The incidence angle is found to have a large impact on the reflectivity or 
radiation losses during the heating. Each polymer reflectivity has its own incidence 
angle dependency. The set-ups studied were all found unsuitable for efficient 
industrial productions in terms of useful radiation repartition and/or in term of 
electrical consumption. The non-reflected or useful irradiance can be improved by 
changing the emitter localizations and temperatures. The use of irradiance and 
radiance calculations enables to diminish the distance emitter-plate and therefore 
lower the electrical power input. As a result, cost of manufacturing may be reduced. 
The fabric reinforcement is found to improve the repartition of useful irradiance 
through conduction and improves the uniformity of the heating. It also lowers the 
heating time due to lower specific heats. 
The deformation phase of thermoforming can be modeled using finite element 
simulation. This issue is to account on the interface mechanical properties. The 
sandwich-like structure is not the sum of each layer. One should only use the 
reinforced material data to calibrate the finite elements. The Poisson’s ratio may not 
be useful for plate extension. Indeed, the anisotropy of the fabric does lead to 
anisotropic deformations in space. A real time measurement of the deformation ratio 
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may seem a useful thing to carry out. The fabric reinforcement applied to 
thermoforming is promising although a lot has still to be investigated. Large high 
cadency production can be achieved and the process may be suitable to the 
transportation industry. Lightweight flexible composites may be used for numerous 
applications at competitive cost of production if both the IR heating and the 
deformation phases of thermoforming are managed. 
 
Appendices 
Appendix A: Absorption Phenomena 
 
 The absorption phenomena of organic solids are directly related to the 
chemical composition of the considered solid. Indeed, Infrared spectroscopy exploits 
the fact that molecules absorb specific frequencies that are characteristic of their 
structure. Matter interacts with electromagnetic radiations and spectroscopic 
techniques probe energy levels of atoms and macromolecules. After interactions, 
systems have various excited states for which their energies are higher than the 
ground state. Different absorbed energy lead to various energetic levels, they are 
ascribed to different motions (electronic, nuclear, rotational and vibrational). 
Conveniently, the transitions that involve the different types of energy levels usually 
occur in different parts of the electromagnetic spectrum:  
2* * *c
k
µ
λ π=
                   (E.A.1) 
 (E.A.1) shows that the wavelength λ associated to a vibrational motion is only 
function of the masses of the atoms and the strength of the bond between them. 
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Therefore, only the nature of the atoms involved in the bonding determines the 
wavelength of absorption. It is somehow easy to extend some concepts to other 
vibrational motions of larger molecules: the vibrations act as ideal harmonic 
oscillators that have certain wavefunctions and certain quantized energies. However, 
normal modes are vibrations of all atoms in a molecule, not just two. (E.B.1) is not 
directly applicable even if the idea of a force constant for a polyatomic motion is 
used. In addition, many normal modes are largely motions of only a few connected 
atoms of a large molecule. It is not uncommon to read " C-H stretch" or "CH2 bend" 
even if technically such labels are incorrect but quantitatively describing the normal 
modes of the molecule. IR radiation absorption induces those motions and only 
certain wavelengths of excitation are allowed. An IR spectrometer scans a wide range 
of wavelength and records the absorption bands. Additional materials can be found in 
[Ball 2003]. The vibrational energies are quantized with the vibrational quantum 
numberν : 
* 1( ) *( ) 0,1,2,3....
2
h cE v with vλ
λ
= + =         (E.A.2) 
Therefore considering a band of absorption at the wavelength λ, we except that the 
differences in the energies will have only certain values from one state to the upper 
one: 
*( ) ( 1) ( ) h cE E v E vλ
λ
∆ = + − =         (E.A.3) 
We note that the energy of transition given for adjacent states of transition is the 
energy provided by an electromagnetic radiation (E.I.2). Therefore from the intensity 
of the absorbed bands, one can deduce the composition of a solid. As a conclusion on 
the IR spectroscopy, we can write that the observed wavelength of absorption 
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indicates the nature of the constitutive elements and the peak intensities the 
composition of such elements in the material (Fig. A-1).
 
 
 
Figure A-1  (a) Potential energy for the vibration of a molecule [Ball 2003]  
(b) IR absorption band table from http://jan.ucc.nau.edu/~jkn/235A-Appendix.htm; May 2012 
 
Appendix B: Radiative Transfer Equation  
Concerning the Radiative Transfer Equation, the density vector of the radiative flux 
r
q
uur
 
is defined using the monochromatic radiance Lλ: 
0 4
( ) * * *
r
q L s s d dλ
π
λ
∞
= Ω∫ ∫
uur r
    (E.B.1) 
where s is the curvaceous abscissa associated to the radius s
r
. The radiance is then 
calculated with the radiative transfer equation [Andrieu 2005]: 
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π
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π
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ur r
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 (E.B.2) 
All the terms are defined in the notation section. The first term corresponds to the loss 
of the radiative energy by absorption and diffusion of the IR ray within the media. λβ  
is the sum of the volumic monochromatic coefficients of absorption λκ and diffusion 
λσ : 
λ λ λβ κ σ= +     (E.B.3) 
The second term of (E.C.8) is a gain due to the own medium radiation using the 
monochromatic refraction index nλ. The third term is also a gain but this time due to 
the diffusion.  
The ratio of the diffusion phase function 
'( )P s s→
ur r
 over the solid angle 4π is the 
probability of an IR ray inside the element of solid angle 'dΩ  centered on the 
direction 's
ur
diffusing within the element of solid angle dΩ  centered on the direction 
s
r
; 
's
ur
and s
r
 must be different directions. 
If the diffusion and the radiative terms of the medium are summed up, we can 
introduce the generation term ( )S sλ
ur
, (E.I.34) is then written: 
( )1 ( ) ( )dL s L s S s
ds
λ
λ λ
λβ
+ =
   (E.B.4) 
 
Appendix C: Rheological laws and melt viscosity 
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Compression molding involves melt polymers. Therefore, some notions in melt 
viscosity have to be presented. Rheology is the study of the deformation and of the 
flow of matter. The range of melt viscosity usually encountered in materials is given 
in table G.1. Polymer solutions may be much more viscous, depending on the 
concentration, molecular weight, and temperature. 
Table C-1 Viscosity of common materials [Sperling 2006] 
Composition Viscosity in Pa.s Constitency 
Air 10-5 Gaseous 
Water 10-3 Fluid 
Polymer latexes 10-2 Fluid 
Olive oil 10-1 Liquid 
Glycerine 100 Liquid 
Golden syrup 102 Thick liquid 
Polymer melts 102 - 106 Toffee-like 
Pitch 109 Stiff 
Plastics 1012 Glassy 
Glass 1021 Rigid 
 
The melt viscosity is temperature dependent. The WLF equation can be used to model 
such dependency: 
1
2
* ( )
log( ) g
Tg g
C T T
C T T
η
η
− −
=
+ −
              (E.C.1) 
where Tg is the glassy transition temperature, ηTg is the viscosity at the Tg. 
The constants of (E.F.1) are: 
1 17.44C =                       (E.C.2) 
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    2 51.6C K=                                 (E.C.3) 
The second equation often used is the Arrhenius relationship: 
exp( )BA
T
η = −                  (E.C.4) 
where A and B are constant of the liquid. The Arrhenius equation may be shown to be 
an approximation of the WLF equation for region far above the glass transition 
temperature. The viscosity is dependent on the shear rate γ& . The Newton's equation 
for a perfect liquid exhibiting a melt viscosity η may be written: 
τ
η
γ
=
&
          (E.C.5) 
where τ  and γ&  are the shear stress and strain rate respectively.  
The shear viscosity or melt viscosity η of low molecular weight materials can be 
newtonian. However for larger molecular weight systems, various shear-rate-
dependent phenomena are observed (Fig.G1). Usually, polymers are shear thinning. 
 
Fig. C-1 Common shear-rate-dependent rheological phenomena 
Several models are used to model the various flows encountered. Several flow 
equations are summarized in Table C-2. Here, η0 the viscosity at low shear rates and 
η∞ at high shear rates, and α and n are constants.  
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Table C-2 Flow models and equations [Schoff 1988] 
Model Equation 
Newtonian *τ η γ= &
 
Bingham Plastic 0 *τ τ η γ− = &  
Power law * nτ η γ= &
 
Power law with yield value 0 *
nτ τ η γ− = &
 
Casson fluid 0 *τ τ η γ∞− = &  
Willamson 
0
1
m
η η
η η
τ
τ
∞
∞
−
− =
+
 
Cross 0
1 * n
η η
η η
α γ
∞
∞
−
− =
+ &  
 
There are several different types of viscometers, of varying complexity, good 
for specific purposes and/or ranges of viscosity. We describe only the rotational 
rheometer as we use it in the present study. Designs include concentric cylinders (cup 
and bob), cone-and-plate, parallel-plate, and disk, paddle, or rotor in a cylinder. The 
most important shape is the cone-and-plate viscometer (Fig.C-2). The advantage of 
the cone-and-plate geometry is that the shear rate is very nearly the same everywhere 
in the fluid, provided the gap angle θ0 is small. The shear rate in the melt is given by: 
1
0
γ
θ
Ω
=&
                  (E.C.6) 
where 1Ω is the angular velocity of the rotating platter. The viscosity is then given by: 
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η
π
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Ω
                 (E.C.7) 
where f is the force deduced from the couple measured. 
 
Fig. C-2 Rotational viscometer 
The melt viscosities of TPE and TPO have different behaviors as the former is in the 
melt and the latter is not (Fig. C-3). 
 
Fig. C-3 Melt viscosity in Pa.s versus Frequency in Hz (a) TPE (b) TPO 
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Appendix D: Clausius-Duhem inequality 
 
 
The second principle of thermodynamic implies for a reversible transformation: 
dsT Q
dt
≥ &
                 (E.D.1) 
with s the entropy and Q&  the heat production. 
The heat equation can be written: 
. : .
t t t
dU
ndA rdV dV
dt
φ σ ε
Γ Ω Ω
= − + +∫ ∫ ∫
r r
&
                 (E.D.2) 
with U the internal energy,  A the area, V the volume.  
We have: 
t
m
dUdU dV
dt dt
ρ
Ω
= ∫                  (E.D.3) 
with Um the intern energy per mass unit. 
Using the Ostrogradsky theorem to the right part of  (E.D.2) we have: 
. :m
dU
r
dt
ρ σ ε= −∇Φ+ +
ur
&
                 (E.D.4) 
with r the density of the received heat. 
We note that if the medium is incompressible, the internal energy is function of the 
temperature: 
. :p
dTC
dt
ρ σ ε= −∇Φ+
ur
&
                 (E.D.5) 
The Clausius-Duhem inequality is written using (E.D.1) and (E.D.4): 
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1
: ( ) . 0d dTs T
dt dt T
ψ
σ ε ρ− + − Φ ∇ ≥
ur
&    (E.D.6) 
with s  the entropy of the system, T the temperature, ψ the free energy per mass unit, 
Φ
ur
is the heat flow received by the considered surface. 
We can express the free energy using a Green-Lagrange tensor L : 
:
d Ld dT
d t T dt L d t
ψ ψ ψ∂ ∂
= +
∂ ∂
     (E.D.7) 
The Clausius-Duhem inequality becomes: 
1
: : ( ) . 0d Ld d dTs T
d L d t dT d t T
ψ ψ
σ ε ρ ρ− − + − Φ ∇ ≥
ur
&   (E.D.8) 
We have: 
0
: :
d L
d t
ρ
σ ε
ρ
= ∑&      (E.D.9) 
with ∑ the Piola-Kirchhoff stress tensor. 
The inequality is verified if: 
s
T
ψ∂
= −
∂
      (E.D.10) 
and  
0 L
ψ
ρ
∂
∑ =
∂
      (E.D.11) 
which leads to the condition: 
TF F
L
ψ
σ ρ
∂
=
∂
     (E.I.12) 
with  
0d x F d x=
r uur
      (E.D.13) 
0x is the position before and x  after the deformation. 
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We suppose the medium as isotropic, the free energy depends on the temperature and 
the invariants I1, I2 and I3 of the Green tensor defined as: 
1 ( )I tr B=        (E.D.14) 
22
2
1 (( ( )) ( ))
2
I tr B tr B= −      (E.D.15) 
3 det( )I B=        (E.D.16) 
with  
TB F F=        (E.D.17) 
 
We can show through calculations that we have [Germain 1979]: 
1'
3
1 2
2 2W Wp I B I B
I I
σ −
∂ ∂
= − + −
∂ ∂
     (E.D.18) 
with  
W ρψ=        (E.D.19) 
and 
'
2 3
2 3
2( )W Wp I I
I I
∂ ∂
= − +
∂ ∂
      (E.D.20) 
I is the identity tensor. 
The general equation for hyperelastic and incompressible solid is then [Kaye 1992]: 
1'
1 2
2 2W Wp I B B
I I
σ −
∂ ∂
+ = −
∂ ∂
    (E.D.21) 
In case of 
1 2 1 1( , ) ( 3)W I I C I= −      (E.D.22) 
we have the neo-Hookean law (E.I.58) with C1 defined in (E.I.57). 
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Appendix E: Jersey Fabric and Fibers Characterizations 
We introduce three dimensions to characterize the fabric. dy is the diameter of the 
yarn, C is the number of loop per mm coursewise and W is the number of loop per 
mm walewise. 
The manufacturer gives the following data: C = 1 loop/mm; W=1.4 loop/mm and the 
yarn is made out of 500 deniers or 500 g per 9 km long fiber. 
 
Fig. E-1 (a) loop geometry (b) yarn diameter 
Experimental measurements are averaged on 20 samples.  
Table E-1 Experimental results 
Features Values 
dy 0.234±0.025 mm 
C 0.984±0.044 loop/mm 
W 1.421±0.073 loop/mm 
 
We observe that the experimental data of C and W match the data provided by the 
manufacturer. Usually, cheap polyester fibers are made of PET. However, 
Polycarbonate (PC) fibers are also used. As simplification of (E.I.74) can be written: 
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64.444*10 *
*
y
fiber
Denierd
π ρ
=
    (E.E.1) 
 As  
3 31.34 . 1.41 .PETg cm g cmρ
− −< <
    (E.E.2) 
and 
31.2 . PCg cm ρ
− ≈
    (E.E.3) 
We expect for the PET: 
0.223 0.229ymm d mm< <     (E.E.4) 
and for the Polycarbonate: 
0.243 ymm d≈     (E.E.5) 
The theorical results for both the PET (E.E.4) and the PC (E.E.5) are found to be close 
to the experimental data (Table E-1) when considering the standard deviation of 
measurements. However, in order to confirm which polymer is used, we carry out a 
DSC experiment on some fibers extracted from the fabric. The Tg of PET is expected 
around 70-80°C and the one for the PC around 140°C for the atactic form. We 
observe that indeed, the fibers are made out of PC as we observe a Tg characteristic 
change of slope around 140°C. However, we note that a slight change in Cp is 
oservable at 75-80°C, therefore traces of PET may be present and this issue would be 
answered quantitatively through MNR measurements. 
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Fig. E-2 Heat Flow of the polyesters fibers (a) zoom out (b) from 20°C to 100°C (c) from 100 °C 
to 200°C EXO UP through flux compensation method, the Tg by itself is hardly spotable but the 
Cps are accurate 
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Appendix F: Fabrics and Data from [Baléa 2011] 
 
Fig. F-1 (a) Force-stretch ratio curves walewise (b) Force-stretch ratio curves coursewise 
(c) Loop geometric parameters 
 
Table F-1 Stretch to rupture in % divided by CS in % 
fiber type  coursewise   walewise  
Carbon 88/82 55/52 
Glass 92/88 62/57 
Basalt 94/91 63/59 
 
Table F-2 Fabric measurements walewise 
fiber type Carbon Glass  Basalt 
h (mm) 2.75 2.65 2.65 
b (mm) 4.10 4.35 4.40 
Lf (mm) 14.95 13.90 13.10 
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Lf/(b*h) 0.09 0.09 0.09 
thickness (mm) 1.50 1.60 1.45 
g.m-2 568 726 689 
 
Table F-3 Fabric measurements coursewise 
fiber type Carbon Glass  Basalt 
h (mm) 2.65 2.65 2.65 
b (mm) 4.00 3.80 3.85 
Lf (mm) 12.50 13.30 12.00 
Lf/(b*h) 0.10 0.10 0.10 
thickness (mm) 1.55 1.60 1.60 
g.m-2 533 805 787 
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Fig. F-2 Fabric local strain during uniaxial traction; 0° coursewise, 90° walewise measured 
through stereo correlation 
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Appendix G: Reinforced PolyUrea (PU) Caracterizations 
The reinforced PolyUrea composite is poured and cured at 70°C (160°F) for 16 hours 
in a 3 mm thick mold, the fabric is deposed inside the mold before pouring. The pre-
polymer is Airthane PHP-80D cured with Versalink P1000 by Air Products with a ratio 
of 1/1.5 by weight. The sample size is 100mm x 20mm x 3mm. 
 
Fig. G-1 Stress strain curve in uniaxial traction; glass fabric  
(a) Non-lubricated (b) Lubricated 
We observe on Fig G-1 that the stretch to rupture is particularly improved by the 
lubrication. We also note that the stress to rupture is much lower as the strain energy 
ratio. All data can be found in Table G-1 below. 
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Table G-1 Characterizations of Lubricated or non-lubricated glass fabric reinforced PU 
Event Orientation non-lubricated lubricated 
Maximal/Rupture 
stress in MPa 
Coursewise 7.7 4.9 
45° 9.8 4.7 
Walewise 9.9 5.5 
Stretch to rupture 
in % 
Coursewise 101 126 
45° 50 96 
Walewise 62 113 
Strain energy 
ratio at rupture 
Coursewise 5.62 2.11 
45° 3.88 1.78 
Walewise 3.18 2.18 
 
 
Appendix H: Thicknesses and measurement uncertainty 
The initial thicknesses of the disks used in Fig. III–25 are given in Table H-1. 
Table H-1. Calculated uncertainty in µm for the considered disks: TPE, PolyEster fabric 
reinforced TPE Coursewise and Walewise, PolyEster fabric reinforced TPO 
(µm) / Disk TPE 
Reinf. TPE 
Coursewise 
Reinf. TPE 
Walewise 
Reinf. 
TPO 
Maximum Initial 
thickness 
1141 1700 1700 2000 
Minimum Initial 725 1566 1566 1900 
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thickness 
 
The uncertainty of thickness measurement is estimated: 
2 2 2 2( ) ( ) ( ) ( ) ( )
a f r eu t u t u t u t u t= + + +   (E.H.1) 
with the uncertainty of type A based on the standard deviation of 10 measurements 
(m=10): 
2
1
( )
( )
m
i
i
a
t t
u t
m
=
−
=
∑
     (E.H.2) 
and 
1( ) 6.6nfu t m
n
σ
µ−= =      (E.H.3) 
The uncertainty of type f is based on 30 measurements (n=30) of the same point. 
( ) 7.2
12r
Digit
u t mµ= =     (E.H.4) 
The uncertainty of reading is ru  depends on the smallest digit of the screen, the digit 
of the probe screen equals 0.01 in or 25 µm. Finally, the uncertainty of the probe is 
given as 2%. 
( ) *0.02Eu t t=      (E.H.5) 
 
Appendix I: FE Simulation of Yarn Impregnation 
 
In order to produce the composite plates through compression molding, we used a 
force of one klb for a 300*300 mm2 plate. The resulting applied pressure is 0.494 bar, 
we use 0.5 bar for the simulation. We use a constant viscosity for TPE at 150 °C of 
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2,800 Pa.s (Fig. C-3). The yarn is initially filled with air. The volume fraction of TPE 
inside the yarn is simulated on Fig. I –1.  
 
Figure. I –1 Volume Fraction of TPE into the yarn , Laminar Flow,  FE Simulation for a pressure 
of 0.5 Bar , 150 K at various compression time in minutes (a) 0.1 (b) 0.5 (c) 1 (d) 4   
 
We observe that the outer zone of the yarn is immediately impregnated which would 
reduce the compression molding cycle. Despite the high temperature, we note that the 
yarn is not fully impregnated at core. It may be due to the constant viscosity as TPE is 
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shear-thining. The processing time may be saved by increasing the compression 
temperature as the melt viscosity is lowered. 
 
Appendix J: Fast Projection Algorithm 
 
The Fast Projection method algorithm fully described in [Goldenthal 2010, Ozgen 
2011]: 
 Input:  // candidate velocity 
 Input:  // known start-of-step position 
1.  0j < −  
2.  0  x x tv< − +∆% %  
3.  while the strain of  exceeds the constraint 
4.  solve  ( ) 2 1( ( ) ( )Tj j jC x t C x M C x−= ∆ ∇ ∇  for  
5.  use ( )2 11 ( ( ) 1Tj jx t M C x jδ δλ−+ = −∆ ∇ +  for  
6.  1 1j j jx x xδ+ += +  
7.  1j j< − +  
 Output: 
( )jx x
t
−
∆
%
  // constraint-enforcing velocity 
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